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Fibered Correspondence
Aleks Kleyn
Abstract. Base of fibered correspondence is arbitrary correspondence. Fibered
correspondence is interesting when we consider relationship between different
bundles. However composition of fibered correspondences may not always be
defined. Reduced fibered correspondence is defined only between fibers over
the same point of base. Reduced fibered correspondence in bundle is called
2-ary fibered relation. We considered fibered equivalence and isomorphism
theorem in case of fibered morphisms.
24 - 25 August 1883
Pushkin once said in the circle of his friends:
”Imagine what my Tat’iana has done - she’s
got married. I should never have expected that
of her.” I could say just the same about Anna
Karenina. My characters sometimes do things
that I would not wish. In general they do what
is ordinarily done in actual life and not what
I want.
- Reminiscences of V. I. Alekseev. The date
is that given by G. A. Rusanov, who records
the same saying. According to Alekseev it
refers to Anna’s suicide. Tat’iana is the hero-
ine of Pushkin’s ”novel in verse,” Eugenii One-
gin.
[3], p 51
This story began many years ago. When I was 15 years old I got some money
for minor expenses. I started buying math and physics books. When I entered
university I collected library of favorite books. Among these books there was book
”Universal Algebra” by Cohn ([4]) that miraculously remained unsold. I was not
thinking too hard that it might be too early for me to read this. Reading this
book I had fallen in love with algebra. However I dedicated my life and research to
geometry on the edge of geometry and physics.
After more then 30 years I suddenly returned to this book. I became curious
about definition of universal algebra in fiber of bundle. When I started to write
paper [2] I could swear that something similar I had read when I was young. I
found the book that, as I supposed, was origin. However this book was dedicated
only to vector bundles. When I started to write this paper I finally realized that I
did not read something similar. I could not leave such facts unnoticed.
Key words and phrases. alg geometry, bundle, algebra.
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It turns out that I thought about this when I was young. However why did I
wait so long time? Why I initiated this research now? I will never get an answer to
the first question. However the answer to the second question is very simple. For a
long time I studied reference frame in general relativity. My interest was not only
classical case, but possible deviations of geometry as well. Statements obtained in
[2] show that in the field of my research there is a lot of unanswered questions.
I supposed to dedicate this paper to fibered equivalence relation, because I have
certain interest to it in the future. However, the need for clear statements involved
new definitions. Then events became unpredictable. I expected the paper to be
extremely concise and written for a month. However this paper severely takes all
my time, changes the title and direction of the research.1 The paper dedicated to
fibered equivalence relation turns into paper dedicated to fibered binary relations.
Fibered relation is one of the most complicated subjects in the theory of fibered
algebra. Since an operation is a map, we extend unambiguously the definition of
the operation to bundle and its sections and demand that operation is smooth.
Relation is the subset of Cartesian product. Assuming that we defined relation
only in the fiber, we are losing relationship between fibers.
I decided to repeat the procedure to determine a relation in universal algebra.
When I started to study fibered correspondence, I realized, that I need to change
definitions in [2]. The definition [2]-3.1 generates too narrow framework to define
a fibered correspondence. May be sometimes it is enough to define correspondence
only in fiber2, however we losing fibered morphisms. The analysis of this situation
exposes the myth with which I have comfortably lived for all those years. More
exactly, all this time I have been trying to work out what the base of fibered map is
like. Is it an injection or an arbitrary map? No one definition gives clear answer on
this question. For the simplicity of perception I supposed that base of fibered map is
injection. Actually, since we do not determine type of map of a base, this map may
be arbitrary. This leads to more wide definition (definition [2]-2.2) of Cartesian
product of bundles. On the other hand, the definition [2]-2.2 presents problems
to determine fibered algebra. This brings to necessity to use two definitions of
Cartesian product of bundle. Similar considerations bring to two definitions of
fibered correspondence.
Finally I return to equivalence. However, my efforts were not wasted. My view
on problem changed.
From definition 2.2 it follows that notion of continuity is important in definition
of fibered correspondence. After this definition I explain what does mean continuity
of correspondence.
Where it is possible I use the same notation for operations and relations as we
use them in the set theory. It does not bring to ambiguity because we use different
notation for set and bundle. I use the same letter in different alphabets to denote
bundle and fiber.
We assume that projection of bundle, section and fibered map are smooth maps.
In mathematical literature there are two customs to write product of mappings
and correspondences. Some authors write product of mappings in the same order as
arrows follow on diagram. While others prefer to write mappings in opposite order.
1Thrill of hunt is one of the strongest passions of mankind. I catch myself that I keep solving
problems which are new for me.
2In particular, we define a fibered relation introducing relation in a fiber
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When we read papers and books the first thing what we need is to put attention
what order of factors is used by author.
The case is clearer when author writes an action of mapping over set. In this
case the author writes set and mapping in such order that, when we write brackets,
we gets right order. For instance, let us consider diagram
A
f // B
g // C
and let D ⊂ A. Since we write product of mappings as fg, then image of set D has
form Dfg = (Df)g. Since we write product of mappings as gf , then image of set
D has form gfD = g(fD).
This is my start point. Based on convention from remark [1]-2.2.14, I will assume
oportunity to read expression from right to left and from left to right.
1. Correspondence
Definition 1.1. Let
A
Φ

Ψ // B
Σ

C
Θ // D
be diagram arrows of which represent correspondences. Diagram of correspon-
dences is called commutative when image of any subset of set A in set D does
not depend on way in diagram. 
The definition of category is not specific on the question whether morphism is a
map. We can study category, sets of which are objects and correspondences from
one set into another are morphisms.
Definition 1.2. Let Φ be a correspondence from a set A to a set B. Let C ⊆ A.
The correspondence
Φ/C = {(c, b) ∈ Φ : c ∈ C}
is called a restriction of the correspondence Φ to the set C.3 correspondence
Φ is called an extension of correspondence Φ/C. 
Definition 1.3. Let sets A and B be topological spaces.
Correspondence Φ from set A to a set B is said to be continuous on the set
C ⊂ A, if, given open set V , ΦC ⊂ V ⊂ B, there is an open set U , C ⊂ U ⊂ A,
such that ΦU ⊆ V .
Correspondence Φ from set A to a set B is said to be continuous, if, given open
set V ⊂ B, there is an open set U ⊂ A such that ΦU ⊆ V . 
Following after [6], I define continuity based on definition of limit of filter. Since
an image under correspondence is not a point, but a set, I little changed definitions
and theorems.
Definition 1.4. Let X be a topological space and F a filter on X . A set A ⊂ X
is said to be a limit set or limit of filter F, if F is finer then the neighborhood
filter B(A) of set A. Filter F is also said to converge to A, F→ A.
The set A is said to be a limit of filter base B on X and B is said to converge
to A, if the filter whose base is B converges to A. 
3We make this definition similar to the definition from [5], p. 82
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Theorem 1.5. A filter base B on topological space X converges to set A ⊂ X iff
every set of fundamental system of neighborhoods of set X contains a set of B.
Proof. If a filter F converges to set A, then every filter finer than F also converges
to A, by definition 1.4. Let Φ be a set of filters on X , all of which converges to
set A. The neighborhood filter B(A) is coarser than all filters of Φ, hence B(A) is
coarser than their intersection G. Therefore, G converges to set A. 
Definition 1.6. Let Φ be a correspondence from set X to a topological space Y .
Let F→ A be a filter on X . The set B ⊂ Y is said to be limit of correspondence
with respect to the filter F
lim
F→A
Φ(F) = B
if B is limit of the filter base Φ(F). 
Theorem 1.7. A set B ⊂ Y is a limit of correspondence Φ with respect to the
filter F iff for each neighborhood V of set B in Y , there is a set M ∈ F such that
ΦM ⊂ V .
Proof. The statement is corollary of definition 1.6 and theorem 1.5. 
Theorem 1.8. A correspondence Φ from a topological space X to a topological
space Y is continuous on the set A ⊂ X iff
lim
F→A
Φ(F) = ΦA
Proof. The statement is corollary of definition 1.3 and theorem 1.7. 
Let Φ be continuous correspondence from topological space X to topological
space Y . Let (a, b) ∈ Φ. Suppose V ⊂ Y is an open set, Φ{a} ⊂ V . In particular,
b ∈ V . According to definition 1.3 there exists an open set U ⊂ X , a ∈ U , ΦU ⊂ V .
Therefore, there exist a′ ∈ U , b′ ∈ V , (a′, b′) ∈ Φ.
2. Fibered Correspondence
Definition 2.1. Let a[A] : A //___ N and b[B] : B //___ M be bundles. Sup-
pose bundle map is defined by diagram
A
a[A]



f // B
b[B]



N
F // M
where maps f and F are injections. Then bundle a[A] is called fibered subset or
subbundle of b[B]. We also use notation a[A] ⊆ b[B] or A ⊆ B.
Suppose we defined the F -algebra on sets A and B and map f is homomorphism
of fibered algebra. Then the bundle a[A] is called fibered subalgebra of fibered
algebra b[B]. 
Without loss of generality we assume that A ⊆ B, N ⊆M .
Definition 2.2. Let a[A] : A //___ M and b[B] : B //___ N be bundles. Fibered
subset f [F ] : F //___ Φ of bundle A×B is called fibered correspondence from
A to B.
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If A = B, then fibered correspondence F is called fibered correspondence in
A. 
According to definitions 2.1 and 2.2 we can represent fibered correspondence
using the diagram
(2.1) F
j //
f [F ]






 A× B
b[B]

/
)
$




a[A]




$
)
/
×
Φ
i // M ×N
where i and j are continuous injections. We assume that a set U ⊂ Φ is open iff
there exists an open set V ⊂ M ×N such that U = V ∩ Φ. We assume that a set
U ⊂ F is open iff there exists an open set V ⊂ A× B such that U = V ∩ F .
Correspondence Φ is called base of fibered correspondence F , and fibered
correspondence F is called lift of correspondence Φ.
We use diagrams of fibered correspondences as we use diagrams of maps and
correspondences. In this case, in the diagram we can additionally show a projection
on the base. Thus we can represent fibered correspondence using diagram
(2.2) A
p[F ] //
a


 B
b



M
f
// N
p[F ]




Choice of diagram (2.1) or (2.2) depends on problem which we consider.
To study fibered correspondence from A to B I use maps of the manifold M and
N in which both bundles are trivial. This will make it possible to review fibered
correspondence in detail without loss of generality.
According to definition [2]-2.2, given x ∈M , y ∈ N , I represent points of a fiber
(A × B)(x,y) of the bundle A × B as tuple (x, y, p, q), p ∈ Ax, q ∈ By. According
to our assumption, Φ ⊆ M × N , F ⊆ A × B. Therefore, we can consider Φ as
correspondence from M to N and F as correspondence from A to B. In particular,
F(x,y) ⊆ Ax×By. The point (x, p) ∈ A is in correspondence F with point (y, q) ∈ B,
if point x ∈ M is in correspondence Φ with point y ∈ N and point p ∈ Ax is in
correspondence F(x,y) with point q ∈ By.
Correspondence in fiber depends on selected fiber. For instance, let a[R] : A //___ R2
and b[R] : B //___ R be bundles. Let (x, y) ∈ M = R2 and z ∈ N = R. Assume
that point (x, y, p) ∈ A is in correspondence F with point (z, q) ∈ B, if we can
represent q as
q = (z2 + x2 + y2 + p2 + 1)n
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where n is an arbitrary integer. The relation is different in different fibers, however
we can define bijection between F and F(x,y,z) for arbitrary fiber.
4
Let us consider set Γ(F). Since we choose clutching functions of bundles A
and B, we may represent an element Γ(F) as (x, y, p(x), q(y)). Little permutation
leads to the record ((x, p(x)), (y, q(y))). This leads one to assume that we wrote
correspondence from set Γ(A) to set Γ(B). However this is not so. Let us choose
value of x. Then when we change y, tuple (y, q(y)) describes section q ∈ Γ(B). Since
this section depends on choice of tuple (x, p(x)), we cannot establish correspondence
from set Γ(A) to set Γ(B).
Fibered correspondence loses some important properties of correspondence. For
instance, if C ⊆ A and Φ is correspondence from A to B, then we can define the
image of the set C under correspondence Φ using law
ΦC = {b ∈ B : (a, b) ∈ Φ, a ∈ C}
However in the case of a fibered correspondence the image of a bundle is not
necessarily a bundle, which is due to the fact that there exists a possibility that
(x1, y) ∈ Φ, (x2, y) ∈ Φ. At the same time, generally speaking,
Φ(x1,y)Ax1 6= Φ(x2,y)Ax2
even
Φ(x1,y)Ax1 ⊆ By
Φ(x2,y)Ax2 ⊆ By
Corollary of this is impossibility to define a composition of fibered correspondences
in general case. Similar statement holds for fibered morphisms when base of mor-
phism is not injection.
Theorem 2.3. Let us consider fibered correspondence F
A
p[A]



F // B
q[B]



M
f
// N
s[F ]




from bundle A to bundle B, base f of which is injection. Let the bundle
a[C] : C //___ L
is subbundle of bundle A. We define the image of the bundle C under fibered corre-
spondence F according to law
FC = {(y, b) :y ∈ N, ∃x ∈M, y = f(x),
b ∈ By, ∃a ∈ Ax, (a, b) ∈ F(x,y)}
Image of bundle C under fibered correspondence F is subbundle of bundle B.
Proof. To prove the statement, we need to show that all Dy = F(x,y)Cx are home-
omorphic.
4One can easily observe that small change in correspondence may bring to fact that in some
fibers correspondence will be singular.
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Let us consider the following diagram
Cx
ix
  A
AA
AA
AA
A
F(x,y)/Cx //
(2)
(4)
Dy
jy
~~}}
}}
}}
}}
Dy = F(x,y)Cx
Ax
F(x,y) // By
A
F //
l
OO
(5)
B
n
OO
C
i
=={{{{{{{{
k
OO
F/C //
(1)
(3)
D
j
aaCCCCCCCC
m
OO
D = FC
i, ix, j, and jy are injections, k, l, and n are bijections. We need to prove, that m
is bijection. We assume that correspondence F is nonsingular in selected fiber.
Bijection l means that we can enumerate points of set Ax using points of set A.
Bijection k means that we can enumerate points of set Cx using points of set C.
Injection i means that C ⊆ A. Injection ix means that Cx ⊆ Ax. Therefore, for
each point p ∈ A, point px ∈ Ax is defined uniquely. Commutativity of diagram
(1) means that
(2.3) p ∈ C ⇔ px ∈ Cx
Bijection n means that we can enumerate points of the set Bx using points of
the set B. Injection j means that D ⊆ B. Injection jy means that Dy ⊆ By.
Therefore, for each point q ∈ B, point qy ∈ By is defined uniquely.
Bijections l and n and commutativity of diagram (5) means that we can enu-
merate points of correspondence F(x,y) using points of correspondence F
5
(2.4) (p, q) ∈ F ⇔ (px, qy) ∈ F(x,y)
According to definition, (p, q) ∈ F/C when p ∈ C and (p, q) ∈ F . According
to (2.3) px ∈ Cx. According to (2.4) (px, qy) ∈ F(x,y). According to definition,
(px, qy) ∈ F(x,y)/Cx. Therefore, qy ∈ Dy, and map m is injection. 
Theorem 2.4. Let us consider fibered correspondence s[F ]
A
p[A]



s[F ] // B
q[B]



M
f // N
from bundle A to bundle B and fibered correspondence t[H ]
B
q[B]



t[H] // C
r[C]



N
h // K
5Requirement of nonsingularity of correspondence in fiber is very important. Commutativity
of diagram is broken when correspondence in a fiber is singular.
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from bundle B to bundle C. Let bases of fibered correspondences s[F ] and t[H ] are
injections. We define a composition of fibered correspondences6 H and F
t[H ] ◦ s[F ] = {(x, z, a, c) :x ∈M, z ∈ K, ∃y ∈ N, y = f(x), z = h(y),
a ∈ Ax, c ∈ Cz, ∃b ∈ By, (a, b) ∈ F(x,y), (b, c) ∈ H(y,z)}
Proof. Let us consider the following diagram
Ax
G(x,z) //
F(x,y)
&&NN
NNN
NNN
NNN
NN
k

Cz
l

By
H(y,z)
88ppppppppppppp
n

B
H
''OO
OOO
OOO
OOO
OO
A
G //
F
77oooooooooooooo
C
k, l, and n are bijections. We assume that correspondence F is nonsingular in a
selected fiber.
Like in the proof of theorem 2.3 commutativity of vertical diagram means that
we can enumerate points of correspondence F(x,y) using points of correspondence
F , points of correspondence H(y,z) using points of correspondence H , points of
correspondence G(x,z) using points of correspondence G.
Commutativity of lower diagram means that G = H ◦ F . Commutativity of
upper diagram means that G(x,z) = H(y,z) ◦ F(x,y). 
Theorem 2.5. Let s[F ] be fibered correspondence from bundle A to bundle B, t[H ]
be fibered correspondence from bundle B to bundle C and r[G] be fibered correspon-
dence from bundle C to bundle D. If there exist compositions of fibered correspon-
dences
(2.5) t[H ] ◦ s[F ]
and
(2.6) r[G] ◦ t[H ]
then there exists compositions r[G] ◦ (t[H ] ◦ s[F ]) and (r[G] ◦ t[H ]) ◦ s[F ]. In this
case composition of fibered correspondences holds associative law
r[G] ◦ (t[H ] ◦ s[F ]) = (r[G] ◦ t[H ]) ◦ s[F ]
Proof. Existence of composition (2.5) and (2.6) means that base f of fibered cor-
respondence s[F ], base h of fibered correspondence t[H ] and base g of fibered cor-
respondence r[G] are injections. In this case there exist compositions of mappings
h ◦ f and g ◦ h which also are injections. Therefore, there exist compositions of
mappings g ◦ (h ◦ f) and (g ◦ h) ◦ f which are injections and satisfy to law
g ◦ (h ◦ f) = (g ◦ h) ◦ f
6Composition of correspondences Φ and Ψ is determined even when Φ is correspondence to
set B, and Ψ is correspondence from set C. However we assume without loss of generality that Φ
is correspondence to set B ∩C, and Ψ is correspondence from set B ∩C. This allows establishing
connection between composition of correspondences and composition of fibered correspondences.
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Therefore, there exist mapping of base of bundle A to base of bundle D, and this
mapping is injection.
Existence of compositions (2.5) and (2.6) means that there exist compositions of
correspondencesH ◦F and G◦H . Therefore, there exist compositions of correspon-
dences G ◦ (H ◦ F ) and (G ◦H) ◦ F which hold to the associative law. Therefore,
correspondence from fiber of the bundle A to fiber of the bundle D is determined
uniquely. 
Definition 2.6. Let s[F ] : F //___ f be fibered correspondence
A
p



F // B
q



M
f
// N
s[F ]




from bundle A to bundle B and mapping f be injection. Then there exist inverse
fibered correspondence s[F−1] : F−1 //___ f−1
B
p



F
−1
// A
q



N
f−1
// M
s[F−1]





Definition 2.7. Let p[A] : A //___ M be bundle. Fibered correspondence
r∆[∆A] : ∆A //___ ∆M
where projection r∆[∆A] is defined by law
r∆((x, p), (x, p)) = (x, x)
is called diagonal in bundle A. 
Theorem 2.8. Let F be fibered correspondence from bundle A to bundle B, H be
fibered correspondence from bundle B to bundle C, projections of fibered correspon-
dences F and H be injections. The following laws are valid for fibered correspon-
dences F and H
(H ◦ F)−1 = F−1 ◦ H−1
(F−1)−1 = F
F ◦∆A = ∆B◦F = F
Proof. The proof of theorem is similar to proof of theorem 2.5. We check each
statement for base and fiber. 
9
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3. Fibered Correspondence of Homomorphism
Let transition functions fαβ determine bundle A over base M . Let us consider
maps Uα ∈ M and Uβ ∈ M , Uα ∩ Uβ 6= ∅. Point p ∈ A has representation
(x, pα) in map Uα and representation (x, pβ) in map Uβ . Let transition functions
gǫδ determine bundle B over base N . Let us consider maps Vǫ ∈ N and Vδ ∈ N ,
Vǫ ∩ Vδ 6= ∅. Point q ∈ B has representation (y, qǫ) in map Vǫ and representation
(y, qδ) in map Vδ. Therefore,
pα = fαβ(pβ)
qǫ = gǫδ(qδ)
When we move from map Uα to map Uβ and from map Vǫ to map Vδ, representation
of correspondence changes according to the law
(x, y, pα, qǫ) = (x, y, fαβ(pβ), gǫδ(qδ))
This is consistent with the transformation when we move from map Uα×Vǫ to map
Uβ × Vδ in the bundle A× B.
Actually this is unusual fact. It is enough to consider at least one operation in
algebra to demand transition functions to be homomorphisms of algebra. However,
we have here arbitrary condition, arbitrary correspondence. And everything is OK.
As opposed to operation, the only property which correspondence holds is be-
longing of point to a certain set. There is no reason to search for constraint for type
of map until we consider one-to-one map. On the other hand, an operation in the
algebra can be represented as correspondence. For instance, given vector space, we
can consider correspondence of vector a to vector b such, that a = 3b. According to
definition a linear transformation holds this correspondence. What happens in case
of nonlinear transformation. Let us consider coordinate transformation ai → a2i .
Does linear relation between vectors hold? No. Does the correspondence hold?
Yes, however it is expressed by another way. Vectors are the same, even their
coordinates change.
From this follows, that we apply constraints to transition functions only when
we apply constraints to correspondence.
Definition 3.1. Correspondence Φ from F -algebra A into F -algebra B is called
correspondence of homomorphism, if
(ω(a1, ..., an), ω(b1, ..., bn)) ∈ Φ
for each n-ari operation ω and any set of elements a1, ..., an ∈ A, b1, ..., bn ∈ B
such that
(a1, b1) ∈ Φ, ..., (an, bn) ∈ Φ

Definition 3.2. Correspondence Φ from F -algebra A into F -algebra B is called
fibered correspondence of homomorphism, if
(ω(a1, ..., an), ω(b1, ..., bn)) ∈ Φ
for each n-ari operation ω and any set of elements a1, ..., an ∈ A, b1, ..., bn ∈ B
such that
(a1, b1) ∈ Φ, ..., (an, bn) ∈ Φ

10
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4. Reduced Fibered Correspondence
Definition 4.1. Let a[A] : A //___ M and b[B] : B //___ M be bundles over
M . Fibered subset f [F ] : F //___ N of bundle A⊙B is called reduced fibered
correspondence from A to B.
If A = B, then reduced fibered correspondence F is called reduced fibered
correspondence in A. 
According to definition 2.1 and 4.1 we can represent reduced fibered correspon-
dence using diagram
(4.1) F
j //
f [F ]






 A⊙ B
b[B]

/
)
$




a[A]




$
)
/
⊙
M
id // M
where j is continuous injection. We suppose, that the set U ⊂ F is open iff there
exists set V ⊂ A⊙ B such that U = V ∩ F .
We define reduced fibered correspondence only for points of the same fiber. To
study reduced fibered correspondence from A to B I use maps of the manifoldM in
which both bundles are trivial. This will make it possible to review reduced fibered
correspondence in detail without loss of generality.
According to definition [2]-3.1, I represent points of a fiber (A × B)x of the
bundle A ⊙ B as tuple (x, p, q), p ∈ Ax, q ∈ Bx. We define reduced fibered cor-
respondence only for points of the same fiber. The point (x, p) ∈ A is in reduced
fibered correspondence F with point (x, q) ∈ B, if x ∈ N ⊆ M and point p ∈ Ax
is in correspondence Fx with point q ∈ Bx. Therefore, we can consider Fx as
correspondence from Ax to Bx. In particular, Fx ⊆ Ax ×Bx.
Since reduced fibered correspondence inherits topology of bundle A ⊙ B, we
can consider topology of reduced fibered correspondence. Let point p ∈ Ax be in
correspondence Fx with point q ∈ Bx. Let V ⊂ A ⊙ B be an open set such that
(x, p, q) ∈ V . According to [6], page 44, there exist open sets U ⊂ M , V ⊂ A × B
such that x ∈ U , (p, q) ∈ V ∩ F . Therefore, there exist x′ ∈ U , (p′, q′) ∈ V ∩ F . If
x 6= x′, then we can express this fact as the statement about continuous dependence
of correspondence on fiber. However continuity of correspondence in fiber does not
follow from continuous dependence of correspondence on fiber.
Theorem 4.2. Given reduced fibered correspondence f [F ] : F //___ N , we de-
termine uniquely a fibered correspondence f∆[F ] : F //___ ∆N , which is lift of
diagonal ∆N , and isomorphism of bundles
(4.2) F
f∆[F ]



id // F
f [F ]



∆N
π // N
over base π : ∆N → N .
11
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Proof. According to design, F(x,x) = Fx. 
We will write diagram (4.2) in more compact form
F
f∆[F ]
}}|
|
|
|
f [F ]
@
@
@
@
∆N
π // N
Theorem 4.2 gives an opportunity to build two categories:
• category of reduced fibered correspondences; its objects are bundles
over selected base and its morphisms are reduced fibered correspondences
• category of fibered correspondences over diagonal; its objects are
bundles over selected baseM and its morphisms are fibered correspondences
base of which is diagonal in M
Functor between these categories is trivial. It maps objects and morphisms into
themselves, however in case of morphisms we substitute a projection on base by a
projection on diagonal.
Remark 4.3. As evidenced by the foregoing, we can assume without loss of gener-
ality that N =M . Like in section[2]-5 we may not indicate the base on diagram of
reduced fibered correspondences. According to theorem 4.2 it is not important for
us whether we use the set M as base or we use the set ∆M . 
Let transition functions fαβ determine bundle A over base M and transition
functions gαβ determine bundle B over base M . Let us consider maps Uα ∈ M
and Uβ ∈M , Uα ∩ Uβ 6= ∅. Point p ∈ A has representation (x, pα) in map Uα and
representation (x, pβ) in map Uβ. Point q ∈ B has representation (x, qα) in map
Uα and representation (x, qβ) in map Uβ . Therefore,
pα = fαβ(pβ)
qα = gαβ(qβ)
When we move from map Uα to map Uβ, representation of correspondence changes
according to the law
(x, pα, qα) = (x, fαβ(pβ), gαβ(qβ))
This is consistent with the transformation when we move from map Uα to map Uβ
in the bundle A⊙ B.
Theorem 4.4. Given reduced fibered correspondence F from A to B, set Γ(F)
determines correspondence from Γ(A) to Γ(B).
Proof. By remark [2]-3.2 we can represent section of bundle A ⊙ B as tuple (f, g)
where f is section of bundleA and g is section of bundle B. For each fiber, f(x) ∈ Ax
is in correspondence F with g(x) ∈ Bx iff section (f, g) ∈ Γ(F). 
The properties of reduced fibered correspondence are closer to properties ordi-
nary correspondence.
Theorem 4.5. Let F be reduced fibered correspondence from A to B. Suppose
the bundle A′ ⊆ A. We define the image of the bundle A′ under reduced fibered
correspondence F according to law
FA′ = {(x, b) : x ∈ N, (a, b) ∈ Fx, a ∈ Ax}
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Image of bundle A′ under reduced fibered correspondence F is subbundle of bundle
B.
Proof. Let us consider7 commutative diagram of fibered correspondences
(4.3) A′
F/A′

I // A
F

B′
J // B
Depending on projections selected, this diagram represents either the relation-
ship between reduced fibered correspondences over base M , or the relationship
between fibered correspondences over base ∆M . However, these correspondences
are identical. All the relationships that hold for the base ∆M hold for base M as
well. 
Remark 4.6. Diagram (4.3) has simple representation. However, if we draw this
diagram without considering remark 4.3, this diagram will has representation
A′
F/A′ //
I
&&
p∆[A
′]
,,
/
C
T
p[A′]
**

 
'
1
?
K
S
B′
J
&&
q∆[B
′]
rr

{
j
q[B′]
tt
%




s
k
A
F //
r∆[A]
,,
.
C
T
r[A]
**


'
1
?
K
S
B
s∆[B]
ss

|
j
s[B]
tt
%




s
k
∆N

i∆ // ∆M

N
i // M
On diagram we use convention
i∆(a, a) = (i(a), i(a))

Theorem 4.7. Let us consider reduced fibered correspondence s[F ] from bundle A
to bundle B and reduced fibered correspondence t[H ] from bundle B to bundle C.
We define a composition of reduced fibered correspondences s[F ] and t[H ]
t[H ] ◦ s[F ] = {(x, a, c) : x ∈M, (a, b) ∈ Fx, (b, c) ∈ Hx}
Proof. From commutativity of diagram of fibered correspondence
Ax
Gx

Fx
''NN
NNN
NNN
NNN
NN A
G

F
xxqqq
qqq
qqq
qqq
q
oo
Bx
Hx
wwppp
ppp
ppp
ppp
p B
H
&&MM
MMM
MMM
MMM
MM
oo
Cx Coo
7I can repeat, up to notation, proof of theorem 2.3. However I want to give another proof in
order to show how theorem 4.2 works.
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over base ∆M follows Gx = Hx ◦ Fx. Therefore this equation holds also over base
M . 
Definition 4.8. Let s[F ] : F //___ M be reduced fibered correspondence
A
p ,,
-
A
T
F //
s[F ]


 B
qrr

}
j
M
from bundle A to bundle B. Then there exist inverse reduced fibered corre-
spondence s[F−1] : F−1 //___ M
B
p //
7
?
G
N T Y ]
F
−1
//
s[F−1]


 A
qoo


wpjeaM

Theorem 4.9. Diagonal ∆A in bundle p[A] : A //___ M is reduced fibered cor-
respondence
r[∆A] : ∆A →M
where projection r[∆A] is determined by law
r[∆A](x, (p, p)) = x

Theorem 4.10. Let F be reduced fibered correspondence from bundle A to bundle
B, H be reduced fibered correspondence from bundle B to bundle C. The following
laws are valid for reduced fibered correspondences F and H
(H ◦ F)−1 = F−1 ◦ H−1
(F−1)−1 = F
F ◦∆A = ∆B ◦ F = F
Proof. The proof of theorem is similar to proof of theorem 2.5. We check each
statement for base and fiber. 
5. Fibered Relation
Definition 5.1. Let p[A] : A //___ M be bundle and ω be n-ary relation in the
set A. Fibered subset r[ω] of bundle En is n-ary fibered relation in bundle A. 
Theorem 5.2. 2-ary fibered relation in bundle A is reduced fibered correspon-
dence in bundle A.
Proof. The theorem is corollary of definitions 4.1 and 5.1. 
Definition 5.3. 2-ary fibered relation F in bundle A is said to be
• transitive, if F ◦ F ⊆ F
• symmetric, if F−1 = F
• antisymmetric, if F ∩ F−1 ⊆ ∆A
• reflexive, if F ⊇ ∆A
14
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
Definition 5.4. A transitive reflexive 2-ary fibered relation F in bundle A is called
a fibered preordering of A. F−1 is then also a fibered preordering of A; it is
said to be opposite to F . An antisymmetric fibered preordering in bundle A is
called a fibered ordering of A.8 
Definition 5.5. A transitive reflexive symmetric 2-ary fibered relation F in bundle
A is called a fibered equivalence on bundle A. 
6. Fibered Morphism
Theorem 6.1. Let us consider fibered equivalence s[S] : S //___ M on the bundle
p[E] : E //___ M . Then there exists bundle
t[E/S] : E/S //___ M
called quotient bundle of bundle E by the equivalence S. Fibered morphism
natS : E → E/S
is called fibered natural morphism or fibered identification morphism.
Proof. Let us consider the commutative diagram
(6.1) E
natS //
p[E] ?
?
?
? E/S
t[E/S]}}{
{
{
{
M
We introduce in E/S quotient topology ([6], page 33), demanding continuity of
mapping natS. According to proposition [6]-I.3.6 mapping t[E/S] is continuous.
Because we defined equivalence S only between points of the same fiber E,
equivalence classes belong to the same fiber E/S (compare with the remark to
proposition [6]-I.3.6). 
Let f : A → B be fibered morphism, base of which is identity mapping. Ac-
cording to definition 4.8 there exists inverse reduced fibered correspondence f−1.
According to theorems 4.7 and 5.2 f−1 ◦ f is 2-ary fibered relation.
Theorem 6.2. Fibered relation S = f−1 ◦f is fibered equivalence on the bundle A.
There exists decomposition of fibered morphism f into product of fibered morphisms
(6.2) f = itj
A/S
t // f(A)
i

A
j
OO
f // B
8One may be tempted to define fibered total ordering F using equation
F ∪ F−1 = A2
However, if we consider this relation on the set of sections, then we can find two section which we
cannot compare.
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j = natS is the natural homomorphism
(6.3) j(a) = j(a)
t is isomorphism
(6.4) r(a) = t(j(a))
i is the inclusion mapping
(6.5) r(a) = i(r(a))
Proof. We verify the statement of theorem in fiber. We need also to check that
equivalence depends continuously on fiber. 
7. Free T⋆-Representation of Fibered Group
Mapping natS does not create bundle, because different equivalence classes are
not homeomorphic in general. However the proof of theorem 6.1 suggests to the
construction which reminds the construction designed in [7], pages 16 - 17.
Definition 7.1. Consider T⋆-representation f of fibered group p[G] in bundle M.
A fibered little group or fibered stability group of h ∈ Γ(M) is the set
Gh = {g ∈ Γ(G) : f(g)h = h}

Definition 7.2. T⋆-representation f of group G is said to be free, if for any x ∈M
stability group Gx = {e}. 
Theorem 7.3. Given free T⋆-representation f of group G in the set A, there
exist 1− 1 correspondence between orbits of representation, as well between orbit of
representation and group G.
Proof. 
Let us consider covariant free T⋆-representation f of fibered group p[G] in fiber
p[E]. This T⋆-representation determines fibered equivalence S on a[E], (p, q) ∈ S
when p and q belong to common orbit. Since the representation in every fiber is
free, all equivalence classes are homeomorphic to group G. Therefore, the mapping
natS is projection of the bundle natS[G] : E //___ E/S . We also use notation
S = G⋆. We may represent diagram (6.1) in the following form
E
natS[G]
''N
NN
NN
NN
p[E]







E/S
t[E/S]
wwp p
p p
p p
p
M
Bundle natS[G] is called bundle of level 2.
Example 7.4. Let us consider the representation of rotation group SO(2) in R2.
All points except the point (0, 0) have trivial little group. Hence, we defined free
representation of group SO(2) in set R2 \ {(0, 0)}.
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We cannot use this idea in case of bundle p[R2] and representation of fibered
group t[SO(2)]. Let S be relation of fibered equivalence. The bundle p[R2 \
{(0, 0)}]/t[SO(2)]⋆ is not complete. As a consequence passage to the limit may bring
into non-existent fiber. Therefore we prefer to consider bundle p[R2]/t[SO(2)]⋆,
keeping in mind, that fiber over point (x, 0, 0) is degenerate. 
We simplify the notation and represent this construction as
p[E2, E1] : E2 //___ E1 //___ M
where we consider bundles
p2[E2] : E2 //___ E1 p1[E1] : E1 //___ M
Similarly we consider bundle of level n
(7.1) p[En, ..., E1] : En //___ ... //___ E1 //___ M
The sequence of bundles (7.1) is called tower of bundles. I made this definition
by analogy with Postnikov tower ([8]). Postnikov tower is the tower of bundles.
Fiber of bundle of level n is homotopy group of oreder n. Such definitions are well
known, however I gave definition of tower of bundles, because it follows in a natural
way from the text above.
One more example of tower of bundles attracted my attention ([9], [10], chapter
2). We consider the set J0(n,m) of 0-jets of functions from Rn to Rm as base. We
consider the set Jp(n,m) of p-jets of functions from Rn to Rm as bundle of level
p.
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àññëîåííîå ñîîòâåòñòâèå
Àëåêñàíäð Êëåéí
Àííîòàöèÿ. Áàçà ðàññëîåííîãî ñîîòâåòñòâèÿ ìîæåò áûòü ïðîèçâîëüíûì
ñîîòâåòñòâèåì. àññëîåííîå ñîîòâåòñòâèå èíòåðåñíî ïðè èçó÷åíèè ñîîòíî-
øåíèé ìåæäó ðàçíûìè ðàññëîåíèÿìè. Îäíàêî ïðîèçâåäåíèå ðàññëîåííûõ
ñîîòâåòñòâèé íå âñåãäà îïðåäåëåíî. Ïðèâåäåííîå ðàññëîåííîå ñîîòâåòñòâèå
îïðåäåëåíî òîëüêî ìåæäó ñëîÿìè, ïðîåêòèðóþùèìèñÿ â îäíó è òó æå òî÷-
êó áàçû. Ïðèâåäåííîå ðàññëîåííîå ñîîòâåòñòâèå â ðàññëîåíèè íàçûâàåò-
ñÿ 2-àðíûì ðàññëîåííûì îòíîøåíèåì. àññìîòðåííû ðàññëîåííàÿ ýêâèâà-
ëåíòíîñòü è òåîðåìà îá èçîìîðèçìå äëÿ ðàññëîåííûõ ìîðèçìîâ.
Êòî-òî èç ïîñåòèòåëåé ßñíîé Ïîëÿíû îá-
âèíèë Òîëñòîãî â òîì, ÷òî îí æåñòîêî ïî-
ñòóïèë ñ Àííîé Êàðåíèíîé çàñòàâèâ åå áðî-
ñèòüñÿ ïîä ïîåçä.
Òîëñòîé óëûáíóëñÿ è îòâåòèë:
- Ýòî ìíåíèå íàïîìèíàåò ìíå ñëó÷àé ñ
Ïóøêèíûì. Îäíàæäû îí ñêàçàë êîìó-òî èç
ñâîèõ ïðèÿòåëåé: ¾Ïðåäñòàâü, êàêóþ øòóêó
óäðàëà ñî ìíîé Òàòüÿíà. Îíà çàìóæ âûøëà.
Ýòîãî ÿ íèêàê íå îæèäàë îò íåå¿. Òî æå ñà-
ìîå è ÿ ìîãó ñêàçàòü ïðî Àííó Êàðåíèíó.
Âîîáùå ãåðîè è ãåðîèíè ìîè äåëàþò èíîãäà
òàêèå øòóêè, êàêèõ ÿ íå æåëàë áû! Îíè äå-
ëàþò òî, ÷òî äîëæíû äåëàòü â äåéñòâèòåëü-
íîé æèçíè è êàê áûâàåò â äåéñòâèòåëüíîé
æèçíè, à íå òî, ÷òî ìíå õî÷åòñÿ.
[3℄, ñ. 517
Ýòà èñòîðèÿ íà÷àëàñü ìíîãî ëåò íàçàä. Â 15 ëåò ó ìåíÿ ïîÿâèëèñü êàð-
ìàííûå äåíüãè íà ðàñõîä. ß ñòàë ïîêóïàòü êíèãè ïî ìàòåìàòèêå è èçèêå. Ê
òîìó ìîìåíòó, êîãäà ÿ ïîñòóïèë â óíèâåðñèòåò, ÿ ñîáðàë áèáëèîòåêó ëþáèìûõ
êíèã. Ñðåäè ýòèõ êíèã áûëà êíèãà "Óíèâåðñàëüíàÿ àëãåáðà"Êîíà ([4℄), êîòî-
ðàÿ ÷óäîì çàäåðæàëàñü â ìàãàçèíå. ß íå î÷åíü çàäóìûâàëñÿ, ÷òî ìíå åù¼ ðàíî
÷èòàòü îá ýòîì. ×èòàÿ ýòó êíèãó ÿ ïîëþáèë àëãåáðó. Îäíàêî ñâîþ æèçíü è
èññëåäîâàíèå ÿ ïîñâÿòèë ãåîìåòðèè, ðàáîòàÿ íà ñòûêå ãåîìåòðèè è èçèêè.
Ñïóñòÿ áîëåå ÷åì 30 ëåò, ÿ âäðóã âåðíóëñÿ ê ýòîé êíèãå. Ìíå ñòàëî ëþáîïûò-
íî, ÷òî áóäåò, åñëè óíèâåðñàëüíàÿ àëãåáðà îïðåäåëåíà â ñëîå ðàññëîåíèÿ. Êîãäà
ÿ íà÷àë ïèñàòü ñòàòüþ [2℄ ìåíÿ íå ïîêèäàëî îùóùåíèå, ÷òî íå÷òî ïîäîáíîå ÿ
÷èòàë â ìîëîäîñòè. ß ðàçûñêàë êíèãó, êîòîðàÿ, êàê ÿ ïîëàãàë, áûëà ïåðâîèñ-
òî÷íèêîì. Íî â ýòîé êíèãå áûëè òîëüêî âåêòîðíûå ðàññëîåíèÿ. Íî ëèøü, êîãäà
Key words and phrases. àëãåáðàè÷åñêàÿ òîïîëîãèÿ, ðàññëîåíèÿ, àëãåáðà.
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àññëîåííîå ñîîòâåòñòâèå
Àëåêñàíäð Êëåéí
ÿ íà÷àë ïèñàòü ýòó ñòàòüþ, ÿ îêîí÷àòåëüíî ïîíÿë, ÷òî íè÷åãî ïîäîáíîãî ÿ íå
÷èòàë. ß íå ñìîã áû ïðîéòè ìèìî ïîäîáíûõ àêòîâ.
Âûõîäèò, ÷òî â ìîëîäîñòè ÿ îá ýòîì äóìàë. Íî ïî÷åìó ÿ æäàë ñòîëüêî ëåò?
È ïî÷åìó èìåííî ñåé÷àñ ÿ íà÷àë ýòî èññëåäîâàíèå? Íà ïåðâûé âîïðîñ ÿ íè-
êîãäà íå íàéäó îòâåòà. À îòâåò íà âòîðîé âîïðîñ î÷åíü ïðîñò. Íà ïðîòÿæåíèè
ìíîãèõ ëåò ÿ èçó÷àë ñèñòåìó îòñ÷¼òà â îáùåé òåîðèè îòíîñèòåëüíîñòè. Ïðè
ýòîì ìåíÿ èíòåðåñîâàë íå òîëüêî êëàññè÷åñêèé ñëó÷àé, íî è âîçìîæíûå îò-
êëîíåíèÿ ãåîìåòðèè. åçóëüòàòû, ïîëó÷åííûå â [2℄, ïîêàçàëè, ÷òî â îáëàñòè
ìîåãî èññëåäîâàíèÿ åñòü åù¼ ìíîãî îñòàâøèõñÿ áåç îòâåòà âîïðîñîâ.
ß ïëàíèðîâàë ïîñâÿòèòü ýòó ñòàòüþ èçó÷åíèþ ðàññëîåííîãî îòíîøåíèÿ ýê-
âèâàëåíòíîñòè, òàê êàê îíî ïðåäñòàâëÿåò äëÿ ìåíÿ îïðåäåë¼ííûé èíòåðåñ â
áóäóùåì. Îäíàêî íåîáõîäèìîñòü äàòü ÷¼òêèå îðìóëèðîâêè âîâëåêëà íîâûå
îïðåäåëåíèÿ. Äàëüøå ñîáûòèÿ ïðèíÿëè ñîâåðøåíî íå ïðåäñêàçóåìûé îáîðîò.
Ñòàòüÿ, êîòîðàÿ ïëàíèðîâàëàñü áûòü ïðåäåëüíî êîðîòêîé è çàíÿòü ìåñÿö ðà-
áîòû, áåçæàëîñòíî îòíèìàåò ó ìåíÿ âðåìÿ, ìåíÿåò íàçâàíèå è íàïðàâëåíèå èñ-
ñëåäîâàíèÿ.
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Ñòàòüÿ, ïîñâÿù¼ííàÿ ðàññëîåííîìó îòíîøåíèþ ýêâèâàëåíòíîñòè,
ïðåâðàùàåòñÿ â ñòàòüþ, ïîñâÿù¼ííóþ ðàññëîåííûì áèíàðíûì îòíîøåíèÿì.
àññëîåííîå îòíîøåíèå - ïîæàëóé îäíà èç ñàìûõ òîíêèõ òåì â òåîðèè ðàñ-
ñëîåííîé àëãåáðû. Îïðåäåëåíèå îïåðàöèè ïðàêòè÷åñêè îäíîçíà÷íî ïåðåíîñèò-
ñÿ íà ðàññëîåíèÿ, òàê êàê îïåðàöèÿ ÿâëÿåòñÿ îòîáðàæåíèåì, è îòíîñèòåëü-
íî íåòðóäíî ðàñïðîñòðàíèòü îïåðàöèþ íà ñå÷åíèÿ è, åñëè íàäî, ïîòðåáîâàòü
íåïðåðûâíîñòü. Îòíîøåíèå - ýòî ïîäìíîæåñòâî äåêàðòîâîãî ïðîèçâåäåíèÿ. Åñ-
ëè ìû ïðîñòî îïðåäåëèì åãî ïîñëîéíî, òî ñêîðåå âñåãî ìû ïîòåðÿåì ñâÿçü ìåæ-
äó ñëîÿìè.
ß ðåøèë ïîëíîñòüþ ïîâòîðèòü ïóòü, êîòîðûé íåîáõîäèì äëÿ îïðåäåëåíèÿ
îòíîøåíèÿ â óíèâåðñàëüíîé àëãåáðå. Êîãäà ÿ íà÷àë èçó÷àòü ðàññëîåííûå ñî-
îòâåòñòâèÿ, ÿ ïîíÿë, ÷òî ìíîãèå îðìóëèðîâêè â [2℄ äîëæíû áûòü èçìåíåíû.
Îïðåäåëåíèå [2℄-3.1 ïîðîæäàåò ñëèøêîì òåñíûå ðàìêè äëÿ îïðåäåëåíèÿ ðàñ-
ñëîåííûõ ñîîòâåòñòâèé. Îïðåäåëåíèå, çàäàþùåå ñîîòâåòñòâèå òîëüêî â ñëîå,
ìîæåò è õîðîøî â íåêîòîðûõ ñëó÷àÿõ
2
, íî çà áîðòîì îñòàþòñÿ ðàññëîåííûå
ìîðèçìû. Àíàëèç ñëîæèâøåéñÿ ñèòóàöèè ðàçîáëà÷àåò ìè, ñ êîòîðûì ÿ ñïî-
êîéíî æèë âñå ãîäû. Òî÷íåå, ÿ âñåãäà ïûòàëñÿ ïîíÿòü, ÷òî èç ñåáÿ ïðåäñòàâëÿåò
áàçà ïîñëîéíîãî îòîáðàæåíèÿ. ßâëÿåòñÿ ëè ýòî îòîáðàæåíèå èíúåêöèåé, èëè
îíî ìîæåò áûòü ïðîèçâîëüíûì. Íè îäíî îïðåäåëåíèå íå äà¼ò ÿñíîãî îòâåòà íà
ýòîò âîïðîñ. Äëÿ ïðîñòîòû âîñïðèÿòèÿ ÿ ïîëàãàë, ÷òî áàçà ïîñëîéíîãî îòîáðà-
æåíèÿ ÿâëÿåòñÿ èíúåêöèåé. Íà ñàìîì äåëå, ðàç õàðàêòåð îòîáðàæåíèÿ áàçû íå
îãîâîðåí, ýòî îòîáðàæåíèå ìîæåò áûòü ïðîèçâîëüíûì. Ýòî ïðèâîäèò ê áîëåå
øèðîêîìó îïðåäåëåíèþ (îïðåäåëåíèå [2℄-2.2) äåêàðòîâà ïðîèçâåäåíèÿ ðàññëîå-
íèé. Ñ äðóãîé ñòîðîíû, îïðåäåëåíèå [2℄-2.2 ïðèâîäèò ê òðóäíîñòÿì â îïðåäåëå-
íèè ðàññëîåííûõ àëãåáð. Ýòî ïðèâîäèò ê íåîáõîäèìîñòè ïîëüçîâàòüñÿ äâóìÿ
îïðåäåëåíèÿìè äåêàðòîâà ïðîèçâåäåíèÿ ðàññëîåíèÿ. Àíàëîãè÷íûå ñîîáðàæå-
íèÿ ïðèâîäÿò ê äâóì îïðåäåëåíèÿì ðàññëîåííîãî ñîîòâåòñòâèÿ.
Â êîíöå êîíöîâ ÿ âåðíóëñÿ ê îòíîøåíèþ ýêâèâàëåíòíîñòè. Íî ìîé òðóä íå
ïðîïàë äàðîì. Ìîé âçãëÿä íà ïðîáëåìó èçìåíèëñÿ.
1
Àçàðò îõîòû - îäíà èç ñàìûõ ñèëüíûõ ñòðàñòåé ÷åëîâå÷åñòâà. ß ëîâëþ ñåáÿ íà òîì, ÷òî
ÿ ïîñòîÿííî ðåøàþ íîâûå äëÿ ìåíÿ çàäà÷è.
2
Â ÷àñòíîñòè, ìû îïðåäåëÿåì ðàññëîåííîå îòíîøåíèå, îïðåäåëÿÿ îòíîøåíèå â ñëîå
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Èç îïðåäåëåíèÿ 2.2 ñëåäóåò, ÷òî ïîíÿòèå íåïðåðûâíîñòè ÿâëÿåòñÿ ñóùåñòâåí-
íîé êîìïîíåíòîé îïðåäåëåíèÿ ðàññëîåííîãî ñîîòâåòñòâèÿ. Âñëåä çà ýòèì îïðå-
äåëåíèåì ÿ ðàçúÿñíÿþ, ÷òî îçíà÷àåò íåïðåðûâíîñòü ñîîòâåòñòâèÿ.
Îáîçíà÷åíèÿ îïåðàöèé è îòíîøåíèé ïî âîçìîæíîñòè ñîõðàíÿþòñÿ êàê îíè
ââåäåíû â òåîðèè ìíîæåñòâ. Ýòî íå ïðèâîäèò ê íåäîðàçóìåíèÿì, òàê êàê îáî-
çíà÷åíèÿ ðàññëîåíèé îòëè÷íû îò îáîçíà÷åíèé ìíîæåñòâ. Äëÿ îáîçíà÷åíèÿ ðàñ-
ñëîåíèÿ è ñëîÿ ÿ áóäó ïîëüçîâàòüñÿ îäíîé è òîé æå áóêâîé â ðàçíûõ àëàâèòàõ.
Ïðîåêöèÿ ðàññëîåíèÿ, ñå÷åíèå, ìîðèçì ðàññëîåíèé ïðåäïîëàãàþòñÿ íåïðå-
ðûâíûìè îòîáðàæåíèÿìè.
Â ìàòåìàòè÷åñêîé ëèòåðàòóðå ñóùåñòâóåò äâå òðàäèöèè çàïèñûâàòü ïðîèç-
âåäåíèå îòîáðàæåíèé è ñîîòâåòñòâèé. Îäíè àâòîðû çàïèñûâàþò ïðîèçâåäåíèå
îòîáðàæåíèé â òîì ïîðÿäêå, â êàêîì ñòðåëêè ñëåäóþò íà äèàãðàìå. Äðóãèå
àâòîðû ïðåäïî÷èòàþò çàïèñûâàòü îòîáðàæåíèÿ â ïðîòèâîïîëîæíîì ïîðÿäêå.
Ïðè ÷òåíèè ñòàòåé è êíèã íàäî ïåðâûì äåëîì îáðàùàòü âíèìàíèå, êàêîé ïî-
ðÿäîê ñîìíîæèòåëåé èñïîëüçóåò àâòîð.
Ñèòóàöèÿ ñòàíîâèòñÿ ïðîùå, êîãäà àâòîð çàïèñûâàåò äåéñòâèå îòîáðàæåíèÿ
íà ìíîæåñòâî. Â ýòîì ñëó÷àå àâòîð çàïèñûâàåò ìíîæåñòâî è îòîáðàæåíèå â
òàêîì ïîðÿäêå, ÷òî ðàññòàâèâ ñêîáêè, ìû ïîëó÷èì ïðàâèëüíûé ïîðÿäîê. Íà-
ïðèìåð, ðàññìîòðèì äèàãðàììó
A
f // B
g // C
è ïóñòü D ⊂ A. Åñëè ìû ïðîèçâåäåíèå îòîáðàæåíèé çàïèñûâàåì â âèäå fg, òî
îáðàç ìíîæåñòâà D èìååò âèä Dfg = (Df)g. Åñëè ìû ïðîèçâåäåíèå îòîáðàæå-
íèé çàïèñûâàåì â âèäå gf , òî îáðàç ìíîæåñòâà D èìååò âèä gfD = g(fD).
Ýòî è ÿâëÿåòñÿ ìîåé îòïðàâíîé òî÷êîé. Îïèðàÿñü íà ñîãëàøåíèå èç çàìå÷à-
íèÿ [1℄-2.2.14, ÿ áóäó ïðåäïîëàãàòü âîçìîæíîñòü ÷èòàòü âûðàæåíèå êàê ñïðàâà
íàëåâî, òàê è ñëåâà íàïðàâî.
1. Ñîîòâåòñòâèå
Îïðåäåëåíèå 1.1. Ïóñòü äàíà äèàãðàììà
A
Φ

Ψ // B
Σ

C
Θ // D
ñòðåëêè êîòîðîé èçîáðàæàþò ñîîòâåòñòâèÿ. Äèàãðàììà ñîîòâåòñòâèé íà-
çûâàåòñÿ êîììóòàòèâíîé, åñëè îáðàç ëþáîãî ïîäìíîæåñòâà ìíîæåñòâà A â
ìíîæåñòâå D íå çàâèñèò îò ïóòè â äèàãðàììå. 
Â îïðåäåëåíèè êàòåãîðèè ìû íå óòî÷íÿåì, ÿâëÿåòñÿ ëè ìîðèçì îòîáðà-
æåíèåì. Ïîýòîìó ìû ìîæåì èçó÷àòü êàòåãîðèþ, îáúåêòàìè êîòîðîé ÿâëÿþòñÿ
ìíîæåñòâà, à ìîðèçìàìè - ñîîòâåòñòâèÿ èç îäíîãî ìíîæåñòâà â äðóãîå.
Îïðåäåëåíèå 1.2. Ïóñòü Φ - ñîîòâåòñòâèå èç ìíîæåñòâà A â ìíîæåñòâî B.
Ïóñòü C ⊆ A. Ìû áóäåì ãîâîðèòü, ÷òî ñîîòâåòñòâèå
Φ/C = {(c, b) ∈ Φ : c ∈ C}
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ÿâëÿåòñÿ ñóæåíèåì ñîîòâåòñòâèÿ Φ íà ìíîæåñòâî C.3 Ñîîòâåòñòâèå Φ
íàçûâàåòñÿ ïðîäîëæåíèåì ñîîòâåòñòâèÿ Φ/C. 
Îïðåäåëåíèå 1.3. Ïðåäïîëîæèì, ÷òî íà ìíîæåñòâàõ A è B îïðåäåëåíà òî-
ïîëîãèÿ.
Ñîîòâåòñòâèå Φ èç ìíîæåñòâà A â ìíîæåñòâî B íàçûâàåòñÿ íåïðåðûâíûì
íà ìíîæåñòâå C ⊂ A, åñëè äëÿ ëþáîãî îòêðûòîãî ìíîæåñòâà V , ΦC ⊂ V ⊂ B,
ñóùåñòâóåò îòêðûòîå ìíîæåñòâî U , C ⊂ U ⊂ A, òàêîå, ÷òî ΦU ⊆ V .
Ñîîòâåòñòâèå Φ èç ìíîæåñòâà A â ìíîæåñòâî B íàçûâàåòñÿ íåïðåðûâíûì,
åñëè äëÿ ëþáîãî îòêðûòîãî ìíîæåñòâà V ⊂ B ñóùåñòâóåò îòêðûòîå ìíîæåñòâà
U ⊂ A òàêîå, ÷òî ΦU ⊆ V . 
Ñëåäóÿ [6℄, ÿ îïðåäåëÿþ íåïðåðûâíîñòü, îïèðàÿñü íà ïîíÿòèå ïðåäåëà ïî
èëüòðó. Òàê êàê îáðàç ïðè ñîîòâåòñòâèè ÿâëÿåòñÿ íå òî÷êîé, à ìíîæåñòâîì,
îïðåäåëåíèÿ è òåîðåìû ñëåãêà èçìåíåíû.
Îïðåäåëåíèå 1.4. Ïóñòü X - òîïîëîãè÷åñêîå ïðîñòðàíñòâî. Ïóñòü F - èëüòð
â X . Ìíîæåñòâî A ⊂ X íàçûâàþò ïðåäåëüíûì ìíîæåñòâîì èëè ïðåäåëîì
èëüòðà F, åñëè F ìàæîðèðóåò èëüòð B(A) îêðåñòíîñòåé ìíîæåñòâà A. î-
âîðÿò òàêæå, ÷òî èëüòð F ñõîäèòñÿ ê A, F→ A.
Ìíîæåñòâî A íàçûâàþò ïðåäåëîì áàçèñà èëüòðà B â X è ãîâîðÿò, ÷òî B
ñõîäèòñÿ ê A, åñëè èëüòð ñ áàçèñîì B ñõîäèòñÿ ê A. 
Òåîðåìà 1.5. Äëÿ òîãî ÷òîáû áàçèñ èëüòðà B â òîïîëîãè÷åñêîì ïðîñòðàí-
ñòâå X ñõîäèòñÿ ê ìíîæåñòâó A ⊂ X, íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû
âñÿêîå ìíîæåñòâî èç óíäàìåíòàëüíîé ñèñòåìû îêðåñòíîñòåé ìíîæåñòâà
X ñîäåðæàëî ìíîæåñòâî èç B.
Äîêàçàòåëüñòâî. Åñëè èëüòð F ñõîäèòñÿ ê ìíîæåñòâó A, òî â ñèëó îïðåäå-
ëåíèÿ 1.4 âñÿêèé èëüòð, ìàæîðèðóþùèé F, òàêæå ñõîäèòñÿ ê A. Ïóñòü Φ -
ìíîæåñòâî èëüòðîâ â X , ñõîäÿùèõñÿ ê ìíîæåñòâó A. Òàê êàê èëüòð îêðåñò-
íîñòåé B(A) ìàæîðèðóåòñÿ êàæäûì èëüòðîì èç Φ, òî B(A) ìàæîðèðóåòñÿ
èõ ïåðåñå÷åíèåì G. Ñëåäîâàòåëüíî, G ñõîäèòñÿ ê ìíîæåñòâó A. 
Îïðåäåëåíèå 1.6. Ïóñòü Φ - ñîîòâåòñòâèå èç ìíîæåñòâà X â òîïîëîãè÷åñêîå
ïðîñòðàíñòâî Y . Ïóñòü F → A - èëüòð â X . Ìíîæåñòâî B ⊂ Y íàçûâàþò
ïðåäåëîì ñîîòâåòñòâèÿ ïî èëüòðó F
lim
F→A
Φ(F) = B
åñëè áàçèñ èëüòðà Φ(F) ñõîäèòñÿ ê B. 
Òåîðåìà 1.7. Äëÿ òîãî ÷òîáû ìíîæåñòâî B ⊂ Y áûëî ïðåäåëîì ñîîòâåò-
ñòâèÿ Φ ïî èëüòðó F, íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû äëÿ ëþáîé îêðåñò-
íîñòè V ìíîæåñòâà B â Y ñóùåñòâîâàëî òàêîå ìíîæåñòâî M ∈ F, ÷òî
ΦM ⊂ V .
Äîêàçàòåëüñòâî. Ñëåäñòâèå îïðåäåëåíèÿ 1.6 è òåîðåìû 1.5. 
Òåîðåìà 1.8. Äëÿ òîãî ÷òîáû ñîîòâåòñòâèÿ Φ èç òîïîëîãè÷åñêîãî ïðî-
ñòðàíñòâà X â òîïîëîãè÷åñêîå ïðîñòðàíñòâî Y áûëî íåïðåðûâíî íà ìíî-
æåñòâå A ⊂ X, íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû
lim
F→A
Φ(F) = ΦA
3
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Äîêàçàòåëüñòâî. Ñëåäñòâèå îïðåäåëåíèÿ 1.3 è òåîðåìû 1.7. 
Ïóñòü Φ - íåïðåðûâíîå ñîîòâåòñòâèå èç òîïîëîãè÷åñêîãî ïðîñòðàíñòâà X â
òîïîëîãè÷åñêîå ïðîñòðàíñòâî Y . Ïóñòü (a, b) ∈ Φ. Ïîëîæèì V ⊂ Y - îòêðûòîå
ìíîæåñòâî, Φ{a} ⊂ V . Â ÷àñòíîñòè, b ∈ V . Ñîãëàñíî îïðåäåëåíèþ 1.3 ñóùåñòâó-
åò îòêðûòîå ìíîæåñòâî U ⊂ X , a ∈ U , ΦU ⊂ V . Ñëåäîâàòåëüíî, ñóùåñòâóþò
a′ ∈ U , b′ ∈ V , (a′, b′) ∈ Φ.
2. àññëîåííîå ñîîòâåòñòâèå
Îïðåäåëåíèå 2.1. Ïóñòü a[A] : A //___ N è b[B] : B //___ M - ðàññëîåíèÿ.
Ïóñòü ìîðèçì ðàññëîåíèé îïðåäåë¼í äèàãðàììîé
A
a[A]



f // B
b[B]



N
F // M
ãäå îòîáðàæåíèÿ f è F èíúåêòèâíû. Òîãäà ìû íàçûâàåì ðàññëîåíèå a[A] ðàñ-
ñëîåííûì ïîäìíîæåñòâîì èëè ïîäðàññëîåíèåì ðàññëîåíèÿ b[B]. Ìû áó-
äåì òàêæå ïîëüçîâàòüñÿ çàïèñüþ a[A] ⊆ b[B] ëèáî A ⊆ B.
Åñëè íà ìíîæåñòâàõ A è B îïðåäåëåíà F-àëãåáðà è îòîáðàæåíèå f ÿâëÿåòñÿ
ãîìîìîðèçìîì ðàññëîåííûõ àëãåáð, òî ðàññëîåíèå a[A] íàçûâàåòñÿ ðàññëîåí-
íîé ïîäàëãåáðîé ðàññëîåííîé àëãåáðû b[B]. 
Íå íàðóøàÿ îáùíîñòè, ìû ìîæåì ïîëàãàòü A ⊆ B, N ⊆M .
Îïðåäåëåíèå 2.2. Ïóñòü a[A] : A //___ M è b[B] : B //___ N - ðàññëîåíèÿ.
àññëîåííîå ïîäìíîæåñòâî f [F ] : F //___ Φ ðàññëîåíèÿA×B íàçûâàåòñÿ ðàñ-
ñëîåííûì ñîîòâåòñòâèåì èç A â B.
Åñëè A = B, ðàññëîåííîå ñîîòâåòñòâèå F íàçûâàåòñÿ ðàññëîåííûì ñîîò-
âåòñòâèåì â A. 
Ñîãëàñíî îïðåäåëåíèÿì 2.1 è 2.2 ðàññëîåííîå ñîîòâåòñòâèå ìîæåò áûòü ïðåä-
ñòàâëåíî ñ ïîìîùüþ äèàãðàììû
(2.1) F
j //
f [F ]






 A× B
b[B]

/
)
$




a[A]




$
)
/
×
Φ
i // M ×N
ãäå i è j - íåïðåðûâíûå èíúåêöèè. Ìû ïîëàãàåì, ÷òî ìíîæåñòâî U ⊂ Φ îòêðûòî
òîãäà è òîëüêî òîãäà, êîãäà ñóùåñòâóåò îòêðûòîå ìíîæåñòâî V ⊂M×N òàêîå,
÷òî U = V ∩ Φ. Ìû ïîëàãàåì, ÷òî ìíîæåñòâî U ⊂ F îòêðûòî òîãäà è òîëüêî
òîãäà, êîãäà ñóùåñòâóåò îòêðûòîå ìíîæåñòâî V ⊂ A×B òàêîå, ÷òî U = V ∩F .
Ìû áóäåì íàçûâàòü ñîîòâåòñòâèå Φ áàçîé ðàññëîåííîãî ñîîòâåòñòâèÿ F ,
è ðàññëîåííîå ñîîòâåòñòâèå F ìû áóäåì íàçûâàòü ëèòîì ñîîòâåòñòâèÿ Φ.
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Ìû áóäåì ïîëüçîâàòüñÿ äèàãðàììàìè ðàññëîåííûõ ñîîòâåòñòâèé òàêæå, êàê
ìû ïîëüçóåìñÿ äèàãðàììàìè îòîáðàæåíèé è ñîîòâåòñòâèé. Ïðè ýòîì ìû ìî-
æåì äîïîëíèòåëüíî óêàçàòü íà äèàãðàììå ïðîåêöèþ íà áàçó. Òàêèì îáðàçîì
ðàññëîåííîå ñîîòâåòñòâèå ìîæåò áûòü òàê æå ïðåäñòàâëåíî ñ ïîìîùüþ äèà-
ãðàììû
(2.2) A
p[F ] //
a


 B
b



M
f
// N
p[F ]




Âûáîð äèàãðàììû (2.1) èëè (2.2) áóäåò çàâèñåòü îò çàäà÷è, êîòîðóþ ìû ðåøà-
åì.
×òîáû èçó÷àòü ðàññëîåííîå ñîîòâåòñòâèå èç A â B, ÿ áóäó ïîëüçîâàòüñÿ êàð-
òàìè ìíîãîîáðàçèéM è N , â êîòîðûõ îáà ðàññëîåíèÿ òðèâèàëüíû. Ýòî ïîçâî-
ëèò, íå íàðóøàÿ îáùíîñòè, â äåòàëÿõ èçó÷èòü ðàññëîåííûå ñîîòâåòñòâèÿ.
Ñîãëàñíî îïðåäåëåíèþ [2℄-2.2, äëÿ ïðîèçâîëüíûõ x ∈ M , y ∈ N òî÷êè ñëîÿ
(A×B)(x,y) ðàññëîåíèÿ A×B ìîæíî ïðåäñòàâèòü â îðìå êîðòåæà (x, y, p, q),
p ∈ Ax, q ∈ By. Ñîãëàñíî íàøåìó äîïóùåíèþ, Φ ⊆ M × N , F ⊆ A × B.
Ñëåäîâàòåëüíî, ìû ìîæåì ðàññìàòðèâàòü Φ êàê ñîîòâåòñòâèå èç M â N è F
êàê ñîîòâåòñòâèå èç A â B. Â ÷àñòíîñòè, F(x,y) ⊆ Ax × By. Òî÷êà (x, p) ∈ A
íàõîäèòñÿ â ñîîòâåòñòâèè F ñ òî÷êîé (y, q) ∈ B, åñëè òî÷êà x ∈M íàõîäèòñÿ â
ñîîòâåòñòâèè Φ ñ òî÷êîé y ∈ N è òî÷êà p ∈ Ax íàõîäèòñÿ â ñîîòâåòñòâèè F(x,y)
ñ òî÷êîé q ∈ By.
Ñîîòâåòñòâèå â ñëîå çàâèñèò îò âûáîðà ñëîÿ. Íàïðèìåð, ïóñòü çàäàíû ðàñ-
ñëîåíèÿ a[R] : A //___ R2 è b[R] : B //___ R . Ïóñòü (x, y) ∈ M = R2 è z ∈
N = R. Áóäåì ïîëàãàòü, ÷òî òî÷êà (x, y, p) ∈ A íàõîäèòñÿ â ñîîòâåòñòâèè F ñ
òî÷êîé (z, q) ∈ B, åñëè q ìîæíî ïðåäñòàâèòü â âèäå
q = (z2 + x2 + y2 + p2 + 1)n
ãäå n - ïðîèçâîëüíîå öåëîå ÷èñëî. Â ðàçíûõ ñëîÿõ îòíîøåíèå ðàçëè÷íî, îäíàêî
ìû ìîæåì îïðåäåëèòü áèåêöèþ ìåæäó F è F(x,y,z) äëÿ ïðîèçâîëüíîãî ñëîÿ.
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àññìîòðèì ìíîæåñòâî Γ(F). Åñëè ìû âûáåðåì òðèâèàëèçàöèè ðàññëîåíèé
A è B, òî ìû ìîæåì ïðåäñòàâèòü ýëåìåíò Γ(F) â âèäå (x, y, p(x), q(y)). Íåáîëü-
øàÿ ïåðåñòàíîâêà ýëåìåíòîâ ïðèâîäèò ê çàïèñè ((x, p(x)), (y, q(y))). Âîçíèêà-
åò îùóùåíèå, ÷òî ìû çàïèñàëè ñîîòâåòñòâèå èç ìíîæåñòâà Γ(A) â ìíîæåñòâî
Γ(B). Îäíàêî ýòî íå òàê. Çàèêñèðóåì x. Òîãäà êîðòåæ (y, q(y)) ïðè èçìåíå-
íèè y ïîðîæäàåò ñå÷åíèå q ∈ Γ(B). Òàê êàê ýòî ñå÷åíèå çàâèñèò îò âûáîðà
ïàðû (x, p(x)), òî ìû íå ìîæåì óñòàíîâèòü ñîîòâåòñòâèÿ èç ìíîæåñòâà Γ(A) â
ìíîæåñòâî Γ(B).
àññëîåííîå ñîîòâåòñòâèå òåðÿåò íåêîòîðûå âàæíûå ñâîéñòâà ñîîòâåòñòâèÿ.
Íàïðèìåð, åñëè C ⊆ A è Φ - ñîîòâåòñòâèå èç A â B, òî ìû ìîæåì îïðåäåëèòü
îáðàç ìíîæåñòâà C ïðè ñîîòâåòñòâèè Φ ñ ïîìîùüþ ðàâåíñòâà
ΦC = {b ∈ B : (a, b) ∈ Φ, a ∈ C}
4
Ëåãêî âèäåòü, ÷òî íåáîëüøîå èçìåíåíèå â ñîîòâåòñòâèè ìîæåò ïðèâåñòè ê òîìó, ÷òî â
íåêîòîðûõ ñëîÿõ ñîîòâåòñòâèå áóäåò âûðîæäåíî.
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Îäíàêî â ñëó÷àå ðàññëîåííîãî ñîîòíîøåíèÿ îáðàç ðàññëîåíèÿ, âîîáùå ãîâîðÿ,
ðàññëîåíèåì íå ÿâëÿåòñÿ. Ïðè÷èíà ñîñòîèò â òîì, ÷òî ñóùåñòâóåò âîçìîæíîñòü,
÷òî (x1, y) ∈ Φ, (x2, y) ∈ Φ. Ïðè ýòîì, âîîáùå ãîâîðÿ,
Φ(x1,y)Ax1 6= Φ(x2,y)Ax2
õîòÿ
Φ(x1,y)Ax1 ⊆ By
Φ(x2,y)Ax2 ⊆ By
Ñëåäñòâèåì ýòîãî ÿâëÿåòñÿ íåâîçìîæíîñòü îïðåäåëèòü â îáùåì ñëó÷àå ïðî-
èçâåäåíèå ðàññëîåííûõ ñîîòâåòñòâèé. Àíàëîãè÷íîå óòâåðæäåíèå ñïðàâåäëèâî
äëÿ ìîðèçìîâ ðàññëîåíèé, åñëè áàçà ìîðèçìà íå ÿâëÿåòñÿ èíúåêöèåé.
Òåîðåìà 2.3. Ïóñòü îïðåäåëåíû ðàññëîåííîå ñîîòâåòñòâèå F
A
p[A]



F // B
q[B]



M
f
// N
s[F ]




èç ðàññëîåíèÿ A â ðàññëîåíèå B, áàçà f êîòîðîãî ÿâëÿåòñÿ èíúåêöèåé. Ïóñòü
ðàññëîåíèå
a[C] : C //___ L
ÿâëÿåòñÿ ïîäðàññëîåíèåì ðàññëîåíèÿ A. Ìû îïðåäåëèì îáðàç ðàññëîåíèå C ïðè
ðàññëîåííîì ñîîòâåòñòâèè F ñîãëàñíî ðàâåíñòâó
FC = {(y, b) :y ∈ N, ∃x ∈M, y = f(x),
b ∈ By, ∃a ∈ Ax, (a, b) ∈ F(x,y)}
Îáðàç ðàññëîåíèÿ C ïðè ðàññëîåííîì ñîîòâåòñòâèè F ÿâëÿåòñÿ ïîäðàññëîå-
íèåì ðàññëîåíèÿ B.
Äîêàçàòåëüñòâî. ×òî áû äîêàçàòü óòâåðæäåíèå, ìû äîëæíû ïîêàçàòü, ÷òî âñå
Dy = F(x,y)Cx ãîìåîìîðíû.
àññìîòðèì ñëåäóþùóþ äèàãðàììó
Cx
ix
  A
AA
AA
AA
A
F(x,y)/Cx //
(2)
(4)
Dy
jy
~~}}
}}
}}
}}
Dy = F(x,y)Cx
Ax
F(x,y) // By
A
F //
l
OO
(5)
B
n
OO
C
i
=={{{{{{{{
k
OO
F/C //
(1)
(3)
D
j
aaCCCCCCCC
m
OO
D = FC
i, ix, j, jy - èíúåêöèè, k, l, n - áèåêöèè. Íàì íàäî äîêàçàòü, ÷òî m - áèåêöèÿ.
Ìû ïðåäïîëàãàåì, ÷òî â âûáðàííîì ñëîå ñîîòâåòñòâèå F - íå âûðîæäåíî.
Áèåêöèÿ l îçíà÷àåò, ÷òî ìû ìîæåì ïåðåíóìåðîâàòü òî÷êè ìíîæåñòâà Ax
òî÷êàìè ìíîæåñòâà A. Áèåêöèÿ k îçíà÷àåò, ÷òî ìû ìîæåì ïåðåíóìåðîâàòü
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òî÷êè ìíîæåñòâà Cx òî÷êàìè ìíîæåñòâà C. Èíúåêöèÿ i îçíà÷àåò, ÷òî C ⊆
A. Èíúåêöèÿ ix îçíà÷àåò, ÷òî Cx ⊆ Ax. Ñëåäîâàòåëüíî, äëÿ êàæäîé òî÷êè
p ∈ A îäíîçíà÷íî îïðåäåëåíà òî÷êà px ∈ Ax. Êîììóòàòèâíîñòü äèàãðàììû (1)
îçíà÷àåò, ÷òî
(2.3) p ∈ C ⇔ px ∈ Cx
Áèåêöèÿ n îçíà÷àåò, ÷òî ìû ìîæåì ïåðåíóìåðîâàòü òî÷êè ìíîæåñòâà Bx
òî÷êàìè ìíîæåñòâà B. Èíúåêöèÿ j îçíà÷àåò, ÷òî D ⊆ B. Èíúåêöèÿ jy îçíà÷àåò,
÷òî Dy ⊆ By. Ñëåäîâàòåëüíî, äëÿ êàæäîé òî÷êè q ∈ B îäíîçíà÷íî îïðåäåëåíà
òî÷êà qy ∈ By.
Áèåêöèè l è n è êîììóòàòèâíîñòü äèàãðàììû (5) îçíà÷àåò, ÷òî ìû ìîæåì
ïåðåíóìåðîâàòü òî÷êè ñîîòâåòñòâèÿ F(x,y) òî÷êàìè ñîîòâåòñòâèÿ F
5
(2.4) (p, q) ∈ F ⇔ (px, qy) ∈ F(x,y)
Ïî îïðåäåëåíèþ, (p, q) ∈ F/C, åñëè p ∈ C è (p, q) ∈ F . Ñîãëàñíî (2.3) px ∈ Cx.
Ñîãëàñíî (2.4) (px, qy) ∈ F(x,y). Ïî îïðåäåëåíèþ, (px, qy) ∈ F(x,y)/Cx. Ñëåäîâà-
òåëüíî, qy ∈ Dy, è îòîáðàæåíèå m ÿâëÿåòñÿ èíúåêöèåé. 
Òåîðåìà 2.4. Ïóñòü îïðåäåëåíû ðàññëîåííîå ñîîòâåòñòâèå s[F ]
A
p[A]



s[F ] // B
q[B]



M
f // N
èç ðàññëîåíèÿ A â ðàññëîåíèå B è ðàññëîåííîå ñîîòâåòñòâèå t[H ]
B
q[B]



t[H] // C
r[C]



N
h // K
èç ðàññëîåíèÿ B â ðàññëîåíèå C, è áàçû ðàññëîåííûõ ñîîòâåòñòâèé s[F ] è t[H ]
ÿâëÿþòñÿ èíúåêöèÿìè. Ìû îïðåäåëèì ïðîèçâåäåíèå ðàññëîåííûõ ñîîò-
âåòñòâèé
6 H è F
t[H ] ◦ s[F ] = {(x, z, a, c) :x ∈M, z ∈ K, ∃y ∈ N, y = f(x), z = h(y),
a ∈ Ax, c ∈ Cz, ∃b ∈ By, (a, b) ∈ F(x,y), (b, c) ∈ H(y,z)}
5
Òðåáîâàíèå íåâûðîæäåííîñòè ñîîòâåòñòâèÿ â ñëîå î÷åíü âàæíî. Åñëè ñîîòâåòñòâèå â
ñëîå áóäåò âûðîæäåíî, òî êîììóòàòèâíîñòü äèàãðàììû áóäåò íàðóøåíà.
6
Äëÿ ñîîòâåòñòâèé Φ è Ψ ïðîèçâåäåíèå îïðåäåëåíî äàæå â òîì ñëó÷àå, êîãäà Φ - ñîîòâåò-
ñòâèå â ìíîæåñòâî B, à Ψ - ñîîòâåòñòâèå èç ìíîæåñòâà C. Îäíàêî ìû íå íàðóøèì îáùíîñòè,
åñëè áóäåì ïîëàãàòü, ÷òî Φ - ñîîòâåòñòâèå â ìíîæåñòâî B∩C, à Ψ - ñîîòâåòñòâèå èç ìíîæåñòâà
B∩C. Ýòî ïîçâîëÿåò óñòàíîâèòü ñâÿçü ìåæäó ïðîèçâåäåíèåì ñîîòâåòñòâèé è ïðîèçâåäåíèåì
ðàññëîåííûõ ñîîòâåòñòâèé.
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Äîêàçàòåëüñòâî. àññìîòðèì ñëåäóþùóþ äèàãðàììó
Ax
G(x,z) //
F(x,y)
&&NN
NNN
NNN
NNN
NN
k

Cz
l

By
H(y,z)
88ppppppppppppp
n

B
H
''OO
OOO
OOO
OOO
OO
A
G //
F
77oooooooooooooo
C
k, l, n - áèåêöèè. Ìû ïðåäïîëàãàåì, ÷òî â âûáðàííîì ñëîå ñîîòâåòñòâèå F - íå
âûðîæäåíî.
Òàê æå êàê è â äîêàçàòåëüñòâå òåîðåìû 2.3 êîììóòàòèâíîñòü âåðòèêàëüíûõ
äèàãðàìì îçíà÷àåò, ÷òî ìû ìîæåì ïåðåíóìåðîâàòü òî÷êè ñîîòâåòñòâèÿ F(x,y)
òî÷êàìè ñîîòâåòñòâèÿ F , òî÷êè ñîîòâåòñòâèÿ H(y,z) òî÷êàìè ñîîòâåòñòâèÿ H ,
òî÷êè ñîîòâåòñòâèÿ G(x,z) òî÷êàìè ñîîòâåòñòâèÿ G.
Êîììóòàòèâíîñòü íèæíåé äèàãðàììû îçíà÷àåò, ÷òî G = H ◦ F . Êîììóòà-
òèâíîñòü âåðõíåé äèàãðàììû îçíà÷àåò, ÷òî G(x,z) = H(y,z) ◦ F(x,y). 
Òåîðåìà 2.5. Ïóñòü s[F ] - ðàññëîåííîå ñîîòâåòñòâèå èç ðàññëîåíèÿ A â ðàñ-
ñëîåíèå B, t[H ] - ðàññëîåííîå ñîîòâåòñòâèå èç ðàññëîåíèÿ B â ðàññëîåíèå C è
r[G] - ðàññëîåííîå ñîîòâåòñòâèå èç ðàññëîåíèÿ C â ðàññëîåíèå D. Åñëè îïðå-
äåëåíû ïðîèçâåäåíèÿ ðàññëîåííûõ ñîîòâåòñòâèé
(2.5) t[H ] ◦ s[F ]
è
(2.6) r[G] ◦ t[H ]
òî òàê æå îïðåäåëåíû ïðîèçâåäåíèÿ r[G] ◦ (t[H ] ◦ s[F ]) è (r[G] ◦ t[H ]) ◦ s[F ]. Â
ýòîì ñëó÷àå ïðîèçâåäåíèå ðàññëîåííûõ ñîîòâåòñòâèé óäîâëåòâîðÿåò çàêîíó
àññîöèàòèâíîñòè
r[G] ◦ (t[H ] ◦ s[F ]) = (r[G] ◦ t[H ]) ◦ s[F ]
Äîêàçàòåëüñòâî. Ñóùåñòâîâàíèå ïðîèçâåäåíèé (2.5) è (2.6) îçíà÷àåò, ÷òî áàçà
f ðàññëîåííîãî ñîîòâåòñòâèÿ s[F ], áàçà h ðàññëîåííîãî ñîîòâåòñòâèÿ t[H ] è áàçà
g ðàññëîåííîãî ñîîòâåòñòâèÿ r[G] ÿâëÿþòñÿ èíúåêöèÿìè. Ïðè ýòîì îïðåäåëåíû
ïðîèçâåäåíèÿ îòîáðàæåíèé h◦ f è g ◦h, êîòîðûå òàêæå ÿâëÿþòñÿ èíúåêöèÿìè.
Ñëåäîâàòåëüíî, îïðåäåëåíû ïðîèçâåäåíèÿ îòîáðàæåíèé g ◦ (h ◦ f) è (g ◦ h) ◦ f ,
êîòîðûå ÿâëÿþòñÿ èíúåêöèÿìè è óäîâëåòâîðÿþò ðàâåíñòâó
g ◦ (h ◦ f) = (g ◦ h) ◦ f
Ñëåäîâàòåëüíî, îïðåäåëåíî îòîáðàæåíèå áàçû ðàññëîåíèÿ A â áàçó ðàññëîåíèÿ
D, è ýòî îòîáðàæåíèå ÿâëÿåòñÿ èíúåêöèåé.
Ñóùåñòâîâàíèå ïðîèçâåäåíèé (2.5) è (2.6) îçíà÷àåò, ÷òî ñóùåñòâóåò ïðîèç-
âåäåíèå ñîîòâåòñòâèé H ◦F è G◦H . Ñëåäîâàòåëüíî, ñóùåñòâóþò ïðîèçâåäåíèÿ
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ñîîòâåòñòâèé G◦ (H ◦F ) è (G◦H)◦F , êîòîðûå óäîâëåòâîðÿþò çàêîíó àññîöèà-
òèâíîñòè. Ñëåäîâàòåëüíî, ñîîòâåòñòâèå èç ñëîÿ ðàññëîåíèÿA â ñëîé ðàññëîåíèÿ
D îïðåäåëåíî îäíîçíà÷íî. 
Îïðåäåëåíèå 2.6. Ïóñòü s[F ] : F //___ f - ðàññëîåííîå ñîîòâåòñòâèå
A
p



F // B
q



M
f
// N
s[F ]




èç ðàññëîåíèÿ A â ðàññëîåíèå B è îòîáðàæåíèå f ÿâëÿåòñÿ èíúåêöèåé. Òîãäà
îïðåäåëåíî îáðàòíîå ðàññëîåííîå ñîîòâåòñòâèå s[F−1] : F−1 //___ f−1
B
p



F
−1
// A
q



N
f−1
// M
s[F−1]





Îïðåäåëåíèå 2.7. Ïóñòü p[A] : A //___ M - ðàññëîåíèå. àññëîåííîå ñîîò-
âåòñòâèå
r∆[∆A] : ∆A //___ ∆M
ãäå ïðîåêöèÿ r∆[∆A] îïðåäåëåíà ðàâåíñòâîì
r∆((x, p), (x, p)) = (x, x)
íàçûâàåòñÿ äèàãîíàëüþ â ðàññëîåíèè A. 
Òåîðåìà 2.8. Ïóñòü F - ðàññëîåííîå ñîîòâåòñòâèå èç ðàññëîåíèÿ A â ðàñ-
ñëîåíèå B, H - ðàññëîåííîå ñîîòâåòñòâèå èç ðàññëîåíèÿ B â ðàññëîåíèå C, ïðî-
åêöèè ðàññëîåííûõ ñîîòâåòñòâèé F è H ÿâëÿþòñÿ èíúåêöèÿìè. Ñëåäóþùèå
òîæäåñòâà ñïðàâåäëèâû äëÿ ðàññëîåííûõ ñîîòâåòñòâèé F è H
(H ◦ F)−1 = F−1 ◦ H−1
(F−1)−1 = F
F ◦∆A = ∆B ◦ F = F
Äîêàçàòåëüñòâî. Äîêàçàòåëüñòâî òåîðåìû àíàëîãè÷íî äîêàçàòåëüñòâó òåîðå-
ìû 2.5. Êàæäîå óòâåðæäåíèå ïðîâåðÿåòñÿ íà áàçå è â ñëîå. 
3. àññëîåííîå ñîîòâåòñòâèå ãîìîìîðèçìà
Äîïóñòèì óíêöèè ïåðåõîäà fαβ îïðåäåëÿþò ðàññëîåíèå A íàä áàçîé M .
àññìîòðèì êàðòû Uα ∈ M è Uβ ∈ M , Uα ∩ Uβ 6= ∅. Òî÷êà p ∈ A èìååò
ïðåäñòàâëåíèå (x, pα) â êàðòå Uα è ïðåäñòàâëåíèå (x, pβ) â êàðòå Uβ. Äîïóñòèì
óíêöèè ïåðåõîäà gǫδ îïðåäåëÿþò ðàññëîåíèå B íàä áàçîé N . àññìîòðèì êàð-
òû Vǫ ∈ N è Vδ ∈ N , Vǫ ∩ Vδ 6= ∅. Òî÷êà q ∈ B èìååò ïðåäñòàâëåíèå (y, qǫ) â
êàðòå Vǫ è ïðåäñòàâëåíèå (y, qδ) â êàðòå Vδ. Ñëåäîâàòåëüíî,
pα = fαβ(pβ)
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qǫ = gǫδ(qδ)
Ïðåäñòàâëåíèå ñîîòâåòñòâèÿ ïðè ïåðåõîäå îò êàðòû Uα ê êàðòå Uβ è îò êàðòû
Vǫ ê êàðòå Vδ èçìåíÿåòñÿ ñîãëàñíî çàêîíó
(x, y, pα, qǫ) = (x, y, fαβ(pβ), gǫδ(qδ))
Ýòî ñîãëàñóåòñÿ ñ ïðåîáðàçîâàíèåì ïðè ïåðåõîäå îò êàðòû Uα × Vǫ ê êàðòå
Uβ × Vδ â ðàññëîåíèè A× B.
Ýòî äåéñòâèòåëüíî íåîáû÷íûé àêò. Åñëè íà àëãåáðå îïðåäåëåíà õîòü îäíà
îïåðàöèÿ, óæå äîñòàòî÷íî ïîòðåáîâàòü, ÷òîáû óíêöèè ïåðåõîäà áûëè ãîìî-
ìîðèçìàìè àëãåáðû. À çäåñü ïðîèçâîëüíûå óíêöèè ïåðåõîäà, ïðîèçâîëüíîå
ñîîòâåòñòâèå. È âñ¼ â ïîðÿäêå.
Â îòëè÷èå îò îïåðàöèè åäèíñòâåííîå ñâîéñòâî, êîòîðîå ñîîòâåòñòâèå ñîõðà-
íÿåò, - ýòî ïðèíàäëåæíîñòü òî÷êè íåêîòîðîìó ìíîæåñòâó. È äî òåõ ïîð, ïîêà
ìû èìååì äåëî ñ âçàèìíî îäíîçíà÷íûìè îòîáðàæåíèÿìè, íåò îñíîâàíèé èñ-
êàòü îãðàíè÷åíèÿ íà òèï îòîáðàæåíèÿ. Ñ äðóãîé ñòîðîíû, îïåðàöèÿ â àëãåáðå
ìîæåò áûòü ïðåäñòàâëåíà â âèäå ñîîòâåòñòâèÿ. Íàïðèìåð, â âåêòîðíîì ïðî-
ñòðàíñòâå ìû ìîæåì ðàññìîòðåòü ñîîòâåòñòâèå âåêòîðà a â âåêòîð b òàêîå, ÷òî
a = 3b. Ëèíåéíîå ïðåîáðàçîâàíèå ïî îïðåäåëåíèþ ñîõðàíÿåò ýòî ñîîòâåòñòâèå.
×òî ïðîèçîéä¼ò â ñëó÷àå íåëèíåéíîãî ïðåîáðàçîâàíèÿ. Äîïóñòèì ìû ïðèìå-
íèì ïðåîáðàçîâàíèå êîîðäèíàò ai → a2i . Ñîõðàíèòñÿ ëè ëèíåéíîå îòíîøåíèå
ìåæäó âåêòîðàìè? Íåò. Ñîõðàíèòñÿ ëè ñàìî ñîîòâåòñòâèå? Äà, õîòÿ âûðàæåíî
îíî áóäåò èíà÷å. Âåêòîðû îñòàëèñü òå æå, íåñìîòðÿ íà èçìåíåíèå êîîðäèíàò.
Îòñþäà âûâîä, ÷òî òîëüêî â ñëó÷àå íàëîæåíèÿ íà ñîîòâåòñòâèå ñïåöèàëüíûõ
îãðàíè÷åíèé, ìû íàêëàäûâàåì îãðàíè÷åíèÿ íà óíêöèè ïåðåõîäà.
Îïðåäåëåíèå 3.1. Ñîîòâåòñòâèå Φ èç F-àëãåáðû A â F-àëãåáðó B íàçûâàåò-
ñÿ ñîîòâåòñòâèåì ãîìîìîðèçìà, åñëè äëÿ êàæäîé n-àðíîé îïåðàöèè ω è
ëþáîãî íàáîðà ýëåìåíòîâ a1, ..., an ∈ A, b1, ..., bn ∈ B òàêèõ, ÷òî
(a1, b1) ∈ Φ, ..., (an, bn) ∈ Φ
ñïðàâåäëèâî
(ω(a1, ..., an), ω(b1, ..., bn)) ∈ Φ

Îïðåäåëåíèå 3.2. Ñîîòâåòñòâèå Φ èç F-àëãåáðû A â F-àëãåáðó B íàçûâàåòñÿ
ðàññëîåííûì ñîîòâåòñòâèåì ãîìîìîðèçìà, åñëè äëÿ êàæäîé n-àðíîé
îïåðàöèè ω è ëþáîãî íàáîðà ýëåìåíòîâ a1, ..., an ∈ A, b1, ..., bn ∈ B òàêèõ, ÷òî
(a1, b1) ∈ Φ, ..., (an, bn) ∈ Φ
ñïðàâåäëèâî
(ω(a1, ..., an), ω(b1, ..., bn)) ∈ Φ

4. Ïðèâåäåííîå ðàññëîåííîå ñîîòâåòñòâèå
Îïðåäåëåíèå 4.1. Ïóñòü a[A] : A //___ M è b[B] : B //___ M - ðàññëîåíèÿ
íàä áàçîé M . àññëîåííîå ïîäìíîæåñòâî f [F ] : F //___ N ðàññëîåíèÿ A ⊙ B
íàçûâàåòñÿ ïðèâåäåííûì ðàññëîåííûì ñîîòâåòñòâèåì èç A â B.
Åñëè A = B, ïðèâåäåííîå ðàññëîåííîå ñîîòâåòñòâèå F íàçûâåòñÿ ïðèâåäåí-
íûì ðàññëîåííûì ñîîòâåòñòâèåì â A. 
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Ñîãëàñíî îïðåäåëåíèÿì 2.1 è 4.1 ïðèâåäåííîå ðàññëîåííîå ñîîòâåòñòâèå ìî-
æåò áûòü ïðåäñòàâëåíî ñ ïîìîùüþ äèàãðàììû
(4.1) F
j //
f [F ]






 A⊙ B
b[B]

/
)
$




a[A]




$
)
/
⊙
M
id // M
ãäå j - íåïðåðûâíàÿ èíúåêöèÿ. Ìû ïîëàãàåì, ÷òî ìíîæåñòâî U ⊂ F îòêðûòî
òîãäà è òîëüêî òîãäà, êîãäà ñóùåñòâóåò îòêðûòîå ìíîæåñòâî V ⊂ A⊙B òàêîå,
÷òî U = V ∩ F .
Ïðèâåäåííîå ðàññëîåííîå îòíîøåíèå îïðåäåëåíî òîëüêî äëÿ òî÷åê îäíîãî
ñëîÿ. ×òîáû èçó÷àòü ïðèâåäåííîå ðàññëîåííîå ñîîòâåòñòâèå èç A â B, ÿ áóäó
ïîëüçîâàòüñÿ êàðòàìè ìíîãîîáðàçèÿM , â êîòîðûõ îáà ðàññëîåíèÿ òðèâèàëüíû.
Ýòî ïîçâîëèò, íå íàðóøàÿ îáùíîñòè, â äåòàëÿõ èçó÷èòü ïðèâåäåííûå ðàññëî-
åííûå ñîîòâåòñòâèÿ.
Ñîãëàñíî îïðåäåëåíèþ [2℄-3.1, òî÷êè ñëîÿ (A×B)x ðàññëîåíèÿ A⊙B ìîæíî
ïðåäñòàâèòü â îðìå êîðòåæà (x, p, q), p ∈ Ax, q ∈ Bx. Òî÷êà (x, p) ∈ A íà-
õîäèòñÿ â ïðèâåäåííîì ðàññëîåííîì ñîîòâåòñòâèè F ñ òî÷êîé (x, q) ∈ B, åñëè
x ∈ N ⊆ M è òî÷êà p ∈ Ax íàõîäèòñÿ â ñîîòâåòñòâèè Fx ñ òî÷êîé q ∈ Bx.
Ñëåäîâàòåëüíî, ìû ìîæåì ðàññìàòðèâàòü Fx êàê ñîîòâåòñòâèå èç Ax â Bx. Â
÷àñòíîñòè, Fx ⊆ Ax ×Bx.
Ïîñêîëüêó ïðèâåäåííîå ðàññëîåííîå ñîîòâåòñòâèå íàñëåäóåò òîïîëîãèþ ðàñ-
ñëîåíèÿ A⊙ B, òî ìû ìîæåì ïðîàíàëèçèðîâàòü êàêóþ ðîëü èãðàåò òîïîëîãèÿ
ïðèâåäåííîãî ðàññëîåííîãî ñîîòâåòñòâèÿ. Ïóñòü òî÷êà p ∈ Ax íàõîäèòñÿ â ñîîò-
âåòñòâèè Fx ñ òî÷êîé q ∈ Bx. Ïóñòü V ⊂ A⊙B - îòêðûòîå ìíîæåñòâî òàêîå, ÷òî
(x, p, q) ∈ V . Ñîãëàñíî [6℄, ñòð. 58, ñóùåñòâóþò îòêðûòûå ìíîæåñòâà U ⊂ M ,
V ⊂ A×B òàêèå, ÷òî x ∈ U , (p, q) ∈ V ∩F . Ñëåäîâàòåëüíî, ñóùåñòâóþò x′ ∈ U ,
(p′, q′) ∈ V ∩ F . Åñëè x 6= x′, òî ìû ìîæåì âûðàçèòü ýòîò àêò êàê óòâåðæäå-
íèå î íåïðåðûâíîé çàâèñèìîñòè ñîîòâåòñòâèÿ îò ñëîÿ. Îäíàêî èç íåïðåðûâíîé
çàâèñèìîñòè ñîîòâåòñòâèÿ îò ñëîÿ íå ñëåäóåò íåïðåðûâíîñòü ñîîòâåòñòâèÿ â
ñëîå.
Òåîðåìà 4.2. Äëÿ ïðèâåäåííîãî ðàññëîåííîãî ñîîòâåòñòâèÿ f [F ] : F //___ N
îäíîçíà÷íî îïðåäåëåíû ðàññëîåííîå ñîîòâåòñòâèå f∆[F ] : F //___ ∆N - ëèò
äèàãîíàëè ∆N è èçîìîðèçì ðàññëîåíèé
(4.2) F
f∆[F ]



id // F
f [F ]



∆N
π // N
íàä áàçîé π : ∆N → N .
Äîêàçàòåëüñòâî. Ñîãëàñíî ïîñòðîåíèþ, F(x,x) = Fx. 
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Ìû áóäåì çàïèñûâàòü äèàãðàììó (4.2) â áîëåå êîìïàêòíîé îðìå
F
f∆[F ]
}}|
|
|
|
f [F ]
@
@
@
@
∆N
π // N
Òåîðåìå 4.2 ïîçâîëÿåò ïîñòðîèòü äâå êàòåãîðèè:
• êàòåãîðèÿ ïðèâåäåííûõ ðàññëîåííûõ ñîîòâåòñòâèé, îáúåêòàìè
êîòîðîé ÿâëÿþòñÿ ðàññëîåíèÿ íàä çàäàííîé áàçîé è ìîðèçìàìè êîòî-
ðîé ÿâëÿþòñÿ ïðèâåäåííûå ðàññëîåííûå ñîîòâåòñòâèÿ
• êàòåãîðèÿ ðàññëîåííûõ ñîîòâåòñòâèé íàä äèàãîíàëüþ, îáúåêòà-
ìè êîòîðîé ÿâëÿþòñÿ ðàññëîåíèÿ íàä çàäàííîé áàçîéM è ìîðèçìàìè
êîòîðîé ÿâëÿþòñÿ ðàññëîåííûå ñîîòâåòñòâèÿ áàçà, êîòîðûõ ÿâëÿåòñÿ
äèàãîíàëüþ â M
Ôóíêòîð ìåæäó ýòèìè êàòåãîðèÿìè îïðåäåë¼í òðèâèàëüíûì îáðàçîì. Îí îòîá-
ðàæàåò îáúåêòû è ìîðèçìû â ñàìèõ ñåáÿ, îäíàêî â ñëó÷àå ìîðèçìîâ ïðîåê-
öèÿ íà áàçó çàìåíÿåòñÿ ïðîåêöèåé íà äèàãîíàëü.
Çàìå÷àíèå 4.3. Èç âûøåèçëîæåííîãî ñëåäóåò, ÷òî íå íàðóøàÿ îáùíîñòè ìû ìî-
æåì ïîëîæèòü, ÷òî N =M . Òàê æå êàê â ñåêöèè [2℄-5 ìû ìîæåì íå óêàçûâàòü
áàçó íà äèàãðàììå ïðèâåäåííûõ ðàññëîåííûõ ñîîòíîøåíèé. Ñîãëàñíî òåîðåìå
4.2 äëÿ íàñ íå èìååò çíà÷åíèå èñïîëüçóåì ëè ìû â êà÷åñòâå áàçû ìíîæåñòâîM
èëè ìíîæåñòâî ∆M . 
Äîïóñòèì óíêöèè ïåðåõîäà fαβ îïðåäåëÿþò ðàññëîåíèå A íàä áàçîé M è
óíêöèè ïåðåõîäà gαβ îïðåäåëÿþò ðàññëîåíèå B íàä áàçîé M . àññìîòðèì íà
M äâå êàðòû Uα è Uβ , Uα ∩Uβ 6= ∅. Òî÷êà p ∈ A èìååò ïðåäñòàâëåíèå (x, pα) â
êàðòå Uα è ïðåäñòàâëåíèå (x, pβ) â êàðòå Uβ . Òî÷êà q ∈ B èìååò ïðåäñòàâëåíèå
(x, qα) â êàðòå Uα è ïðåäñòàâëåíèå (x, qβ) â êàðòå Uβ. Ñëåäîâàòåëüíî,
pα = fαβ(pβ)
qα = gαβ(qβ)
Ïðåäñòàâëåíèå ñîîòâåòñòâèÿ ïðè ïåðåõîäå îò êàðòû Uα ê êàðòå Uβ èçìåíÿþòñÿ
ñîãëàñíî çàêîíó
(x, pα, qα) = (x, fαβ(pβ), gαβ(qβ))
Ýòî ñîãëàñóåòñÿ ñ çàêîíîì ïðåîáðàçîâàíèÿ ïðè ïåðåõîäå îò êàðòû Uα ê êàðòå
Uβ â ðàññëîåíèè A⊙ B.
Òåîðåìà 4.4. Åñëè îïðåäåëåíî ïðèâåäåííîå ðàññëîåííîå ñîîòâåòñòâèå F èç
A â B, òî ìíîæåñòâî Γ(F) îïðåäåëÿåò ñîîòâåòñòâèå èç Γ(A) â Γ(B).
Äîêàçàòåëüñòâî. Ñîãëàñíî çàìå÷àíèþ [2℄-3.2, ñå÷åíèå ðàññëîåíèÿA⊙B ìîæíî
ïðåäñòàâèòü â îðìå êîðòåæà (f, g), ãäå f ñå÷åíèå ðàññëîåíèÿ A è g ñå÷åíèå
ðàññëîåíèÿ B. Â êàæäîì ñëîå f(x) ∈ Ax íàõîäèòñÿ â ñîîòâåòñòâèè F ñ g(x) ∈ Bx
òîãäà è òîëüêî òîãäà, êîãäà ñå÷åíèå (f, g) ∈ Γ(F). 
Ñâîéñòâà ïðèâåäåííîãî ðàññëîåííîãî ñîîòâåòñòâèÿ áëèæå ê ñâîéñòâàì îáû÷-
íîãî ñîîòâåòñòâèÿ.
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Òåîðåìà 4.5. Ïóñòü îïðåäåëåíî ïðèâåäåííîå ðàññëîåííîå ñîîòâåòñòâèå F èç
A â B, è ðàññëîåíèå A′ ⊆ A. Ìû îïðåäåëèì îáðàç ðàññëîåíèå A′ ïðè ïðèâåäåí-
íîì ñîîòâåòñòâèè F ñîãëàñíî ðàâåíñòâó
FA′ = {(x, b) : x ∈M, (a, b) ∈ Fx, a ∈ Ax}
Îáðàç ðàññëîåíèÿ A′ ïðè ïðèâåäåííîì ðàññëîåííîì ñîîòâåòñòâèè F ÿâëÿåòñÿ
ïîäðàññëîåíèåì ðàññëîåíèÿ B.
Äîêàçàòåëüñòâî. àññìîòðèì
7
êîììóòàòèâíóþ äèàãðàììó ðàññëîåííûõ ñîîò-
âåòñòâèé
(4.3) A′
F/A′

I // A
F

B′
J // B
Â çàâèñèìîñòè îò âûáðàííûõ ïðîåêöèé ýòà äèàãðàììà ïðåäñòàâëÿåò âçàè-
ìîäåéñòâèå ïðèâåäåííûõ ðàññëîåííûõ ñîîòâåòñòâèé íàä áàçîé M , ëèáî âçàè-
ìîäåéñòâèå ðàññëîåííûõ ñîîòâåòñòâèé íàä áàçîé ∆M . Îäíàêî ýòî îäíè è òå
æå ñîîòâåòñòâèÿ. Âñå ñîîòíîøåíèÿ, ñïðàâåäëèâûå äëÿ áàçû ∆M , ñïðàâåäëèâû
òàêæå äëÿ áàçû M . 
Çàìå÷àíèå 4.6. Äèàãðàììà (4.3) âûãëÿäèò ïðîñòî. Îäíàêî, åñëè ìû å¼ çàïèøåì
áåç ó÷¼òà çàìå÷àíèÿ 4.3, ýòà äèàãðàììà ïðèìåò âèä
A′
F/A′ //
I
&&
p∆[A
′]
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/
C
T
p[A′]
**

 
'
1
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K
S
B′
J
&&
q∆[B
′]
rr

{
j
q[B′]
tt
%




s
k
A
F //
r∆[A]
,,
.
C
T
r[A]
**


'
1
?
K
S
B
s∆[B]
ss

|
j
s[B]
tt
%




s
k
∆N

i∆ // ∆M

N
i // M
Íà äèàãðàììå ïðèíÿòî ñîãëàøåíèå
i∆(a, a) = (i(a), i(a))

Òåîðåìà 4.7. Ïóñòü îïðåäåëåíû ïðèâåäåííîå ðàññëîåííîå ñîîòâåòñòâèå s[F ]
èç ðàññëîåíèÿ A â ðàññëîåíèå B è ïðèâåäåííîå ðàññëîåííîå ñîîòâåòñòâèå t[H ]
èç ðàññëîåíèÿ B â ðàññëîåíèå C. Ìû îïðåäåëèì ïðîèçâåäåíèå ïðèâåäåííûõ
ðàññëîåííûõ ñîîòâåòñòâèé s[F ] è t[H ]
t[H ] ◦ s[F ] = {(x, a, c) : x ∈M, (a, b) ∈ Fx, (b, c) ∈ Hx}
7
ß ìîãó ñëîâî â ñëîâî ñ òî÷íîñòüþ äî îáîçíà÷åíèé ïîâòîðèòü äîêàçàòåëüñòâî òåîðåìû
2.3. Îäíàêî ÿ õî÷ó ïðèâåñòè äðóãîå äîêàçàòåëüñòâî, ÷òîáû ïîêàçàòü êàê ðàáîòàåò òåîðåìà
4.2.
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Äîêàçàòåëüñòâî. Èç êîììóòàòèâíîñòè äèàãðàììû ðàññëîåííûõ ñîîòâåòñòâèé
Ax
Gx

Fx
''NN
NNN
NNN
NNN
NN A
G

F
xxqqq
qqq
qqq
qqq
q
oo
Bx
Hx
wwppp
ppp
ppp
ppp
p B
H
&&MM
MMM
MMM
MMM
MM
oo
Cx Coo
íàä áàçîé ∆M ñëåäóåò Gx = Hx ◦Fx. Ñëåäîâàòåëüíî ýòî ðàâåíñòâî ñïðàâåäëèâî
òàêæå íàä áàçîé M . 
Îïðåäåëåíèå 4.8. Ïóñòü s[F ] : F //___ M - ïðèâåäåííîå ðàññëîåííîå ñîîò-
âåòñòâèå
A
p ,,
-
A
T
F //
s[F ]


 B
qrr

}
j
M
èç ðàññëîåíèÿ A â ðàññëîåíèå B. Òîãäà îïðåäåëåíî îáðàòíîå ïðèâåäåííîå
ðàññëîåííîå ñîîòâåòñòâèå s[F−1] : F−1 //___ M
B
p //
7
?
G
N T Y ]
F
−1
//
s[F−1]


 A
qoo


wpjeaM

Òåîðåìà 4.9. Äèàãîíàëü ∆A â ðàññëîåíèè p[A] : A //___ M ÿâëÿåòñÿ ïðèâå-
äåííûì ðàññëîåííûì ñîîòâåòñòâèåì
r[∆A] : ∆A →M
ãäå ïðîåêöèÿ r[∆A] îïðåäåëåíà ðàâåíñòâîì
r[∆A](x, (p, p)) = x

Òåîðåìà 4.10. Ïóñòü F - ïðèâåäåííîå ðàññëîåííîå ñîîòâåòñòâèå èç ðàññëî-
åíèÿ A â ðàññëîåíèå B, H - ïðèâåäåííîå ðàññëîåííîå ñîîòâåòñòâèå èç ðàññëî-
åíèÿ B â ðàññëîåíèå C. Ñëåäóþùèå òîæäåñòâà ñïðàâåäëèâû äëÿ ïðèâåäåííûõ
ðàññëîåííûõ ñîîòâåòñòâèé F è H
(H ◦ F)−1 = F−1 ◦ H−1
(F−1)−1 = F
F ◦∆A = ∆B ◦ F = F
Äîêàçàòåëüñòâî. Äîêàçàòåëüñòâî òåîðåìû àíàëîãè÷íî äîêàçàòåëüñòâó òåîðå-
ìû 2.5. Êàæäîå óòâåðæäåíèå ïðîâåðÿåòñÿ íà áàçå è â ñëîå. 
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5. àññëîåííîå îòíîøåíèå
Îïðåäåëåíèå 5.1. Ïóñòü p[A] : A //___ M - ðàññëîåíèå è ω - n-àðíîå îòíîøå-
íèå â ìíîæåñòâå A. àññëîåííîå ïîäìíîæåñòâî r[ω] ðàññëîåíèÿ En íàçûâàåòñÿ
n-àðíûì ðàññëîåííûì îòíîøåíèåì â ðàññëîåíèè A. 
Òåîðåìà 5.2. 2-àðíîå ðàññëîåííîå îòíîøåíèå â ðàññëîåíèè A ÿâëÿåòñÿ
ïðèâåäåííûì ðàññëîåííûì ñîîòâåòñòâèåì â ðàññëîåíèè A.
Äîêàçàòåëüñòâî. Òåîðåìà ÿâëÿåòñÿ ñëåäñòâèåì îïðåäåëåíèé 4.1 è 5.1. 
Îïðåäåëåíèå 5.3. 2-àðíîå ðàññëîåííîå îòíîøåíèå F â ðàññëîåíèè A íàçûâà-
åòñÿ
• òðàíçèòèâíûì, åñëè F ◦ F ⊆ F
• ñèììåòðè÷íûì, åñëè F−1 = F
• àíòèñèììåòðè÷íûì, åñëè F ∩ F−1 ⊆ ∆A
• ðåëåêñèâíûì, åñëè F ⊇ ∆A

Îïðåäåëåíèå 5.4. Òðàíçèòèâíîå ðåëåêñèâíîå 2-àðíîå ðàññëîåííîå îòíîøå-
íèå F â ðàññëîåíèè A íàçûâàåòñÿ ðàññëîåííîé ïðåäóïîðÿäî÷åííîñòüþ â
A. Â ýòîì ñëó÷àå F−1 òàêæå ÿâëÿåòñÿ ðàññëîåííîé ïðåäóïîðÿäî÷åííîñòüþ â A,
êîòîðàÿ íàçûâàåòñÿ ïðîòèâîïîëîæíîé ê F . Àíòèñèììåòðè÷íàÿ ðàññëîåííàÿ
ïðåäóïîðÿäî÷åííîñòü â ðàññëîåíèè A íàçûâàåòñÿ ðàññëîåííîé óïîðÿäî÷åí-
íîñòüþ â A.8 
Îïðåäåëåíèå 5.5. Òðàíçèòèâíîå ðåëåêñèâíîå ñèììåòðè÷íîå 2-àðíîå ðàññëî-
åííîå îòíîøåíèå F â ðàññëîåíèè A íàçûâàåòñÿ ðàññëîåííîé ýêâèâàëåíòíî-
ñòüþ íà ðàññëîåíèè A. 
àññìîòðèì ðàññëîåííóþ ýêâèâàëåíòíîñòü F ðàññëîåíèè A. Äëÿ êàæäîãî
x ∈M â ñëîå Ax îïðåäåëåíî îòíîøåíèå ýêâèâàëåíòíîñòè Fx.
6. àññëîåííûé ìîðèçì
Òåîðåìà 6.1. Ïóñòü íà ðàññëîåíèè p[E] : E //___ M îïðåäåëåíà ðàññëîåííàÿ
ýêâèâàëåíòíîñòü s[S] : S //___ M . Òîãäà ñóùåñòâóåò ðàññëîåíèå
t[E/S] : E/S //___ M
íàçûâàåìîå àêòîð ðàññëîåíèåì ðàññëîåíèÿ E ïî ýêâèâàëåíòíîñòè S. Ìîð-
èçì ðàññëîåíèé
natS : E → E/S
íàçûâàåòñÿ ðàññëîåííûì åñòåñòâåííûì ìîðèçìîì èëè ðàññëîåííûì
ìîðèçìîì îòîæäåñòâëåíèÿ.
8
Áûëî áû çàìàí÷èâî îïðåäåëèòü ðàññëîåííóþ ëèíåéíóþ óïîðÿäî÷åííîñòü F ñ ïîìîùüþ
ðàâåíñòâà
F ∪ F−1 = A2
Îäíàêî, åñëè ìû ðàññìîòðèì ýòî îòíîøåíèå íà ìíîæåñòâå ñå÷åíèé, òî ìû ìîæåì íàéòè ïàðó
ñå÷åíèé, êîòîðûå ìû íå ìîæåì ñðàâíèòü.
16
Àëåêñàíäð Êëåéí
àññëîåííîå ñîîòâåòñòâèå
Äîêàçàòåëüñòâî. àññìîòðèì êîììóòàòèâíóþ äèàãðàììó
(6.1) E
natS //
p[E] ?
?
?
? E/S
t[E/S]}}{
{
{
{
M
Ìû îïðåäåëèì â E/S àêòîðòîïîëîãèþ ([6℄, ñòð. 39), òðåáóÿ íåïðåðûâíîñòü
îòîáðàæåíèÿ natS. Ñîãëàñíî ïðåäëîæåíèþ [6℄-I.3.6 îòîáðàæåíèå t[E/S] íåïðå-
ðûâíî.
Òàê êàê ýêâèâàëåíòíîñòü S îïðåäåëåíà òîëüêî ìåæäó òî÷êàìè îäíîãî ñëîÿ
E, òî êëàññû ýêâèâàëåíòíîñòè ïðèíàäëåæàò îäíîìó è òîìó ñëîþ E/S (ñðàâíè
ñ çàìå÷àíèåì ê ïðåäëîæåíèþ [6℄-I.3.6). 
Ïóñòü f : A → B - ðàññëîåííûé ìîðèçì, áàçà êîòîðîãî ÿâëÿåòñÿ òîæäå-
ñòâåííûì îòîáðàæåíèåì. Ñîãëàñíî îïðåäåëåíèþ 4.8 ñóùåñòâóåò îáðàòíîå ïðè-
âåäåííîå ðàññëîåííîå ñîîòâåòñòâèå f−1. Ñîãëàñíî òåîðåìàì 4.7 è 5.2 f−1 ◦ f
ÿâëÿåòñÿ 2-àðíûì ðàññëîåííûì îòíîøåíèåì.
Òåîðåìà 6.2. àññëîåííîå îòíîøåíèå S = f−1◦f ÿâëÿåòñÿ ðàññëîåííîé ýêâè-
âàëåíòíîñòüþ íà ðàññëîåíèè A. Ñóùåñòâóåò ðàçëîæåíèå ðàññëîåííîãî ìîð-
èçìà f â ïðîèçâåäåíèå ðàññëîåííûõ ìîðèçìîâ
(6.2) f = itj
A/S
t // f(A)
i

A
j
OO
f // B
j = natS - åñòåñòâåííûé ãîìîìîðèçì
(6.3) j(a) = j(a)
t - èçîìîðèçì
(6.4) r(a) = t(j(a))
i - âëîæåíèå
(6.5) r(a) = i(r(a))
Äîêàçàòåëüñòâî. Óòâåðæäåíèå òåîðåìû ïðîâåðÿåòñÿ â ñëîå. Íåîáõîäèìî òàê-
æå ïðîâåðèòü, ÷òî ýêâèâàëåíòíîñòü íåïðåðûâíî çàâèñèò îò ñëîÿ.

7. Ñâîáîäíîå T⋆-ïðåäñòàâëåíèå ðàññëîåííîé ãðóïïû
Îòîáðàæåíèå natS íå ïîðîæäàåò ðàññëîåíèÿ, òàê êàê ðàçíûå êëàññû ýêâèâà-
ëåíòíîñòè, âîîáùå ãîâîðÿ, íå ãîìåîìîðíû. Îäíàêî äîêàçàòåëüñòâî òåîðåìû
6.1 ïîäñêàçûâàåò êîíñòðóêöèþ, î÷åíü íàïîìèíàþùóþ ïîñòðîåíèå, ïðåäëîæåí-
íîå â [7℄, ñòð. 16 - 17.
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Îïðåäåëåíèå 7.1. àññìîòðèì T⋆-ïðåäñòàâëåíèå f ðàññëîåííîé ãðóïïû p[G]
â ðàññëîåíèè M. àññëîåííàÿ ìàëàÿ ãðóïïà èëè ðàññëîåííàÿ ãðóïïà
ñòàáèëèçàöèè ñå÷åíèÿ h ∈ Γ(M) - ýòî ìíîæåñòâî
Gh = {g ∈ Γ(G) : f(g)h = h}

Òåîðåìà 7.2. àññìîòðèì T⋆-ïðåäñòàâëåíèå f ðàññëîåííîé ãðóïïû p[G] â
ðàññëîåíèè r[E] : E //___ M . Äîïóñòèì Gh - ðàññëîåííàÿ ìàëàÿ ãðóïïà ñå-
÷åíèÿ h. Äëÿ ëþáîãî x ∈ M ñëîé Gh,x ðàññëîåííîé ìàëîé ãðóïïû ñå÷åíèÿ h
ÿâëÿåòñÿ ïîäãðóïïîé ìàëîé ãðóïïû Gh(x) ýëåìåíòà h(x) ∈ Ex.
Äîêàçàòåëüñòâî. Âûáåðåì ñå÷åíèå g ∈ Γ(Gh) òàê, ÷òî ïðåîáðàçîâàíèå f(g)
îñòàâëÿåò íåïîäâèæíûì ñå÷åíèå h ∈ Γ(E). Ñëåäîâàòåëüíî, ïðåîáðàçîâàíèå
f(h(x)) îñòàâëÿåò íåïîäâèæíûì h(x) ∈ Ex. 
Îïðåäåëåíèå 7.3. Ìû áóäåì íàçûâàòü T⋆-ïðåäñòàâëåíèå f ðàññëîåííîé ãðóï-
ïû p[G] ñâîáîäíûì, åñëè äëÿ ëþáîãî x ∈ M T⋆-ïðåäñòàâëåíèå fx ãðóïïû Gx
â ñëîå Ex ñâîáîäíî. 
Òåîðåìà 7.4. Åñëè îïðåäåëåíî ñâîáîäíîå T⋆-ïðåäñòàâëåíèå f ðàññëîåííîé ãðóï-
ïû p[G] â ðàññëîåíèè r[E] : E //___ M , òî îïðåäåëåíî âçàèìíî îäíîçíà÷íîå
ñîîòâåòñòâèå ìåæäó îðáèòîé ïðåäñòàâëåíèÿ â ñëîå è ãðóïïîé G. Åñëè ãðóï-
ïà G - òîïîëîãè÷åñêàÿ ãðóïïà, òî îðáèòà ïðåäñòàâëåíèÿ â ñëîå ãîìåîìîðíà
ãðóïïå G.
Äîêàçàòåëüñòâî. 
àññìîòðèì êîâàðèàíòíîå ñâîáîäíîå T⋆-ïðåäñòàâëåíèå f ðàññëîåííîé ãðóï-
ïû p[G] íà ðàññëîåíèè p[E]. Ýòî T⋆-ïðåäñòàâëåíèå îïðåäåëÿåò íà a[E] ðàññëî-
åííîå îòíîøåíèå ýêâèâàëåíòíîñòè S, (p, q) ∈ S åñëè p è q ïðèíàäëåæàò îáùåé
îðáèòå. Òàê êàê ïðåäñòàâëåíèå â êàæäîì ñëîå ñâîáîäíî, âñå êëàññû ýêâèâà-
ëåíòíîñòè ãîìåîìîðíû ãðóïïå G. Ñëåäîâàòåëüíî, îòîáðàæåíèå natS ÿâëÿåò-
ñÿ ïðîåêöèåé ðàññëîåíèÿ natS[G] : E //___ E/S . Ìû òàêæå áóäåì ïîëüçîâàòüñÿ
ñèìâîëîì S = G⋆. Ìû ìîæåì ïðåäñòàâèòü äèàãðàììó (6.1) â âèäå êîíñòðóêöèè
E
natS[G]
''N
NN
NN
NN
p[E]







E/S
t[E/S]
wwp p
p p
p p
p
M
Ìû áóäåì íàçûâàòü ðàññëîåíèå natS[G] ðàññëîåíèåì óðîâíÿ 2.
Ïðèìåð 7.5. àññìîòðèì ïðåäñòàâëåíèå ãðóïïû âðàùåíèé SO(2) â R2. Âñå
òî÷êè, êðîìå òî÷êè (0, 0), èìåþò òðèâèàëüíóþ ìàëóþ ãðóïïó. Òàêèì îáðàçîì,
íà ìíîæåñòâå R2 \ {(0, 0)} îïðåäåëåíî ñâîáîäíîå ïðåäñòàâëåíèå ãðóïïû SO(2).
Ìû íå ìîæåì âîñïîëüçîâàòüñÿ ýòîé îïåðàöèåé â ñëó÷àå ðàññëîåíèÿ p[R2]
è ïðåäñòàâëåíèÿ ðàññëîåííîé ãðóïïû t[SO(2)]. Ïóñòü S - îòíîøåíèå ðàññëîåí-
íîé ýêâèâàëåíòíîñòè. àññëîåíèå p[R2\{(0, 0)}]/t[SO(2)]⋆ íå ÿâëÿåòñÿ ïîëíûì.
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Â ðåçóëüòàòå ïðåäåëüíûé ïåðåõîä ìîæåò ïðèâåñòè â íåñóùåñòâóþùèé ñëîé.
Ïîýòîìó ìû ïðåäïî÷èòàåì ðàññìàòðèâàòü ðàññëîåíèå p[R2]/t[SO(2)]⋆, èìåÿ â
âèäó, ÷òî ñëîé íàä òî÷êîé (x, 0, 0) - âûðîæäåí. 
Ìû óïðîñòèì îáîçíà÷åíèÿ è ïðåäñòàâèì ïîëó÷åííóþ êîíñòðóêöèþ â âèäå
p[E2, E1] : E2 //___ E1 //___ M
ãäå ìû ïðåäïîëàãàåì ðàññëîåíèÿ
p2[E2] : E2 //___ E1 p1[E1] : E1 //___ M
Àíàëîãè÷íûì îáðàçîì ìû ìîæåì ðàññìàòðèâàòü ðàññëîåíèå óðîâíÿ n
(7.1) p[En, ..., E1] : En //___ ... //___ E1 //___ M
Ïîñëåäîâàòåëüíîñòü ðàññëîåíèé (7.1) ìû áóäåì íàçûâàòü áàøíåé ðàññëîå-
íèé. Ýòî îïðåäåëåíèå ÿ äàë ïî àíàëîãèè ñ áàøíåé Ïîñòíèêîâà ([8℄). Áàøíÿ
Ïîñòíèêîâà - ýòî áàøíÿ ðàññëîåíèé. Ñëîé ðàññëîåíèÿ óðîâíÿ n - ýòî ãîìîòî-
ïè÷åñêàÿ ãðóïïà ïîðÿäêà n. Ïîäîáíûå êîíñòðóêöèè èçâåñòíû, îäíàêî ÿ ïðèâ¼ë
îïðåäåëåíèå áàøíè ðàññëîåíèé, ïîñêîëüêó îíî åñòåñòâåííûì îáðàçîì âîçíèêà-
åò èç âûøåèçëîæåííîãî òåêñòà.
ß õî÷ó ðàññìîòðåòü åù¼ îäèí ïðèìåð áàøíè ðàññëîåíèé, êîòîðûé ïðèâë¼ê
ìî¼ âíèìàíèå ([9℄, [10℄, ÷àñòü 2). Â êà÷åñòâå áàçû âûáåðåì ìíîæåñòâî J0(n,m)
0-äæåòîâ îòîáðàæåíèé èç Rn â Rm. Â êà÷åñòâå ðàññëîåíèÿ óðîâíÿ p âûáåðåì
ìíîæåñòâî Jp(n,m) p-äæåòîâ îòîáðàæåíèé èç Rn â Rm.
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